A M ssing Data Approach to the Ecol ogical Inference (El) Problem

(The following is essentially a nodification of the poster that the
authors presented at the 2000 political science nethodol ogy conference
in LA, California. W apologize for the lack of formality and

confusion that certainly mght be in this presentation. Thanks.)

Q What is the nodel ?

A: A hierarchical, fully Bayesian nmodel within the framework of nodern

m ssing data theory.

Q Does this nodel have any advant ages?

A: There are many:

1. Most inportantly, this nodel explicitly fornmulates EIl as a
m ssing data problem Therefore, nodern missing data techni ques
such as Markov Chain Mnte Carlo (MCMC), especially the G bbs
sanmpl er and the Metropolis-Hastings algorithmcan be used to
handl e t he hi gh-di nensi onal posterior sanpling
2. Nice interpretability
3. Capacity to take into account covari ates
4. Flexibility in incorporating additional information such as
survey data
5. No essential difficulty with handling R C tables
6. Ability to detect aggregation bias when there is limted

i nformation

Robustness to apparent outliers

8. Easy-to-use software avail able upon request to the authors
Q “lInpressive”! But does it take long to run the progranf
A: Not at all. Even if you are a poor graduate student without a fancy
conputer, it would typically take only several hours to run the
program CObviously, we don’t know how long it would take for a famous

pr of essor

Q@ Good. What is the ecol ogical inference problem anyway?



The ecol ogi cal inference problem

Suppose you have data for the nunber of blacks and non-bl acks as
wel | as the nunmber of people registered to vote in each of the
precincts of a certain district. The task is to fill in the true
nunbers of bl acks who are registered.

In other words, you have a nunber of 2x2 (or other R C dinensions)
tables with only the marginals observed and you want to do inference
about the missing cells.

If this is not very clear, your best bet is to refer to Prof.

Gary King’s A Solution to the Ecol ogical |Inference Problem (1997)

Q So, can you tell ne a little about your nodel ?

A
A sketch of the nodel
(E.g., the 3 by 3 case)
For the k th precinct:
Dem Rep. No vote Tot al

Bl ack Y11k Y12k Y13k X1k
Wi te Yok Yook Yask Xak
Q her Y31k Y32k Y33k X3k
Tot al Tk Tk Tax N¢

The observed data: Ty, Tox Tak (the total nunber of people in each
response category: Denobcrat, Republican, No vote), and Xy, Xo, Xk (the
total nunber of people who belong to each of the categories: black,

white, other, respectively)

The mi ssing data: Yk (the number of people who are black and who vote

for Denobcrat), etc.

Level 1:

For the k-th precinct:
(Yizk» Yiz Yia) | Gijk ~ Multinom al (Xik, Ciik, Gizk, Gi3k) s




where the paranmeters gijx are the propensities for voter type i to have
voting behavior type j. They are not assuned to be the sanme for every
precinct. Rather, these propensities are assuned to foll ow some hyper

| evel distribution, which nmakes the nodel a hierarchical one.

Level 2:

E.g.,
(log(di/ dis), l1og(dizk/Gizk))~ ta( M Si)
where n is the degree of freedomof the (bivariate) t distribution for
the logit propensities. |In other words, the | og odds of Denocrat
versus No vote and the | og odds of Republican versus No vote are
assunmed to be drawn froma suitably heavy-tailed distribution. The
choice of the t distribution rather than the normal, which people
generally use, is explained |ater

For the scale matrix of the t distribution, a typical assunption
is to choose a diagonal matrix S;. More generally, however, we assune
Si being an arbitrary symmetric, positive definite matrix and put an
inverse Wshart prior on it (a uniformprior on S can be regarded as an

i mproper inverse Wshart prior). W call S the variance matrix or
scale matrix for the fixed effects.
Denote the vector of (my, m, .) by m. m follows the follow ng

| evel 3 hyper prior distribution:

Level 3:
m = bM + bZ
b; ~ Normal (0, t;2l)
where M and Z (as natrices) are called the design matrices for fixed
effects and random effects respectively. These design matrices
i ncorporate possible inportant covariates. Therefore the hyper |eve
of the nodel is a m xed effects regressi on nodel .

The paraneters b; (a vector), and b; (a vector) are the regression
coefficients of the fixed and random effects, respectively.
ti2 is the variance parameter for the randomeffects (It is stil
possi bl e to have nore than one vari ance paraneter for the random
effects). | is an identity square matri x whose size is the nunber of

random ef f ects.



Q Isn't sonething mssing? | don’t think you included the priors for

t he hyper-paraneters.

A: In general we use very diffuse priors. For the regression
coefficients and variance paraneters of the fixed effects we use flat
priors; for the variance paraneters of the randomeffects we recomrend
slightly nore informative priors because the random effects are used to
detect possible aggregation bias and inference of this type is not
practical wi thout sone relatively informative priors. Technically
there are no natural “non-informative” priors for the variance
paranmeters of the randomeffects in this particular problem Still
these priors are made fairly diffuse. Please refer to the priors in

our exanpl es.

Q Hmm..After you set up the nodel, how do you do the inference?

Posteri or sanpling

A: Bayesian inference is based on the posteriors of the quantities of
interest. In El the primary quantity of interest is (e.g.) the
proportion of blacks who are registered to vote, which is the sum of
t he nunber of blacks who are registered divided by the total nunber of
bl acks. In order to obtain the posterior distribution of this quantity
we need the joint posterior of all the paranmeters given the observed
gquantities. And to achieve that we resort to Monte Carl o nethods.
Suppose we need to calculate the posterior of a particular quantity of
interest, sinply draw a | arge enough sanple fromthe joint posterior
then for each draw, calculate the quantity of interest and this gives a
sanple fromthe correct margi nal posterior of the quantity of interest.

In the missing data scenario, the joint posterior includes not
only the parameters but also the nissing data. |In fact, the paranmeters
and the m ssing data are treated in the same way: we sanple fromthe
joint posterior of the parameters and the nissing data given the
observed data. In our treatnent of ElI problens, the mssing data are
the m ssing cell counts, the paraneters include various prior and hyper
prior paraneters, and the observed data are the observed marginals. A
sanpl e from such a hi gh-di mensi onal posterior distribution anounts to a



possi bl e representation of truth predicted by the nodel based on the
observed dat a.

Q The dinension of the joint posterior sounds pretty high. How can

you deal with that?

A: This is done by MCMC techni ques. Specifically we use a G bbs
sanpler with certain Metropolis-Hastings steps.
For exanple, the first step in the G bbs sanpler could be to

sanple for the true nunbers of people in each cell (Y, e€etc.) given
their respective propensities gjx and hyper |evel paraneters. (Notice

that given the propensities (gijk, the distribution of the nunbers of
people, e.g., Yiik, does not depend on the hyper |evel paraneters, e.g.
m. Conditional independence of this type makes it very appealing to
apply G bbs sanpling.) W design a routine (a Metropolis-Hastings step)
to do that. Another step is to sanple for ¢ijk given Yjjx and the hyper

| evel paraneters. Another Metropolis-Hastings step is used. Further

nore, yet another step could be to sanple for the hyper |evel

parameters given gk and Yjjx, and this turns out to be just Ilike
sanpling fromthe posteriors of the regression coefficients and
vari ance paraneters of a standard |inear regression nodel

The sanpling algorithms used in our exanples are slightly
different fromand nore efficient than the abovenenti oned but the
essential idea is the sanme. For sinplicity, we could not talk at
| ength about all these technicalities. The idea is that with well-
desi gned MCMC al gorithns we can sanple fromvery conplicated high-
di nensi onal distributions.

Q Are there any convergence issues?

A: The algorithns that we use are reasonably fast. GCenerally we run
nmultiple chains (3 to 5) fromdiverse starting values (generally
random y sel ected starting values), conparing the between-chain
variability and within-chain variability of the quantities of interest,
a met hod proposed by Gel man and Rubin. (Please refer to CGelman et al
1995.) In the exanples that are presented here, it generally takes

several thousand iterations per chain for the 2 by 2 case to converge,



al t hough for the 6 by 6 case that follows it takes 30,000 iterations
per chain to get fairly reasonable mxing. It is not true that we can
just take any data set and apply the algorithmand wait for it to
converge. In an artificial exanple, we use a data set that has 100 2
by 2 tables with every margi nal being 100, i.e., there are 100
precincts and for each one of them there are exactly 200 people: 100
bl acks, 100 whites; 100 voters, 100 non-voters. The algorithm has been
runni ng for a considerable anobunt of time, and it turns out that

di fferent chains converge to different areas in the sanple space. In
real data sets, however, we have not yet encountered any serious
convergence problem As an illustration of the efficiency of the
algorithm The nmodel is fit to the black registration in Kentucky data.
(Please refer to King, 1997, Chapter 12 for nore details about this
data set. The authors thank Professor King for allowing us to use this
data set as well as the voting registration data for southern states
bel ow.) Fromthe posterior distribution of the proportion of blacks who
are registered, it is clear that this posterior is binodal. (Notice
that it is not the effect of different chains converging to different

pl aces. W create a histogram of the posterior based on each of the
chains and the results are roughly the sane) Therefore our algorithmis

capabl e of junping between nodes in this particular exanple.
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Mar gi nal posterior of the black proportion of registration. Notice the binpdality.



Q Fine. | don't think | aminterested in |istening to an MCMC
| ecture...

An exanple and results
A: W have nore detailed results for another data set. The data
i nclude voter registration and racial background of people from 275
counties in four Southern U. S. States: Florida, Louisiana, North
Carolina, and South Carolina. The data from each county include the
total voting age popul ation and the proportions of this popul ation who
are black, white, and registered in 1968. For nore details about this
data set, please refer to King, 1997.

Two nodels are fit to the data set: a nodel with only one fixed

effect for blacks and whites each (the coefficient by, i=1, 2, for this
fixed effect is sinply the grand nean of the logit propensities), and a
nodel with one fixed effect and three random effects (again for blacks
and whites each) designed to reflect possible aggregation bias.

A normal prior with mean 0 and variance 100 (which practically
anounts to a flat prior) is used for the nean logit propensities (for
bl acks and whites each) in the fixed effects nodel as well as the grand
nmean |l ogit propensities in the randomeffects nodel. |In both the fixed
effects and random effects nodels, the variance paranmeters for the
fixed effects have uniformpriors from 0.000001 to 100. 1In the random
effects nodel the square roots of the variance paraneters for the

random effects have uniformpriors from0.001 to 5.

Q How do you design the nodel to handl e aggregati on bias agai n?

A In the fixed effects nodel it is assuned that (e.g.) the logit
propensities of the blacks follow a single t distribution with a conmpn
mean across counties. In the random effects nodel, however, we divide
the counties into three groups: the first group consists of the
counties with black popul ation |l ess than 3000; the second, the counties
wi th bl ack popul ati on between 3000 and 8000; the third, other counties.
For each county in a particular group, the logit propensity (for
registering to vote) for the blacks follows at distribution with a
group nean. And these three group neans are assuned to have a nornal

distribution with a comon grand nean. So if there is any aggregation



bias it is reflected in the differences between these three group

neans.

Q | amstill not convinced that this can really work. Do you have

sonme reasonabl e results?

A: We do have some results. Before we get to the detailed results,
however, the basic conclusion is that based on our analysis, the
proportion of blacks who are registered |ies roughly between 0.4 and
0.6, at any rate clearly less than the proportion for the whites. This
agrees with King’s analysis (King 1997).

There are sone mnor differences between the two nodel s proposed,
and the random effects nodel slightly under-estinmates the proportion of
bl acks who are registered conpared with the sinple fixed effects nodel.
Furthermore, fromthe results of the randomeffects nodel, there is
sonme evi dence of noderate aggregation bias. Fromthe posterior sanples
of the coefficients for the random effects, the group nmean | ogit
propensity for the first group for the blacks is slightly higher than
for the second and third groups. The sane pattern is found for the
whites (we design Z, the design matrix for the randomeffects for the
whites, in the sane manner as we design Z;, which is for the bl acks).

In other words, counties with |ower black population tend to be
slightly higher in voting registration rates for both blacks and
whites. Sonething to be careful here: when a random effects nodel |ike
this is fit, essentially it is assuned that the three groups are
different to sonme extent. After the analysis we do see sone
differences. The problemis that it is hard to tell whether these
differences are truly due to the intrinsic nature of the data or to the
prior/ model specification. In other words, it is possible that the
dat a al one cannot di stinguish between aggregati on bias and no
aggregation bias. Thus nodels involving the issue of aggregation bias

depend to various extents on the prior/nodel specification



H stograns of the marginal posteriors for the black proportion of voting registration:
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Q Just a couple nore questions. First, why should you use at
distribution instead of a normal distribution in your nodel? Are you
just showi ng us that you can design conplicated nodels that have no
rel evance to the real problenf

A: Not at all. The idea is that in such a subtle problem as ecol ogi ca
i nference, results generally depend considerably on nodel assunptions.
One serious concern with statistical nodels is robustness. At error
structure is nore robust than a nornmal, i.e., roughly speaking, it is
less likely to be influenced by extrene observations and apparent
outliers. In this particular data set, there are quite a few apparent
extrenme observations: in seven of the counties all people are

regi stered, which neans that the logit propensities for these counties
tend to be really high. By using at distribution, these apparent

outliers will not have a huge effect on the inference. 1In all of the



exanples we use t distributions with 10 degrees of freedom Using t
distributions with a small nunber of degrees of freedom such as 4 or 5
is certainly possible, but the resulting posterior distributions m ght
have many nodes and the sanpling algorithm m ght get stuck. There is
al so the issue of robustness versus efficiency: t distributions with
smal | er degrees of freedomwi |l generally induce nore robust procedures
but with some |loss of efficiency in estimating the quantities of

i nterest when the nodel actually fits well

Q Another question is about incorporating survey data. You did not

say much about this, did you?

A: If survey data is available, e.g., for sone of the precincts, only
level 1 of the nodel would need to be changed: Instead of saying that
the cell counts are all mssing now each cell consists of one nm ssing
part (due to aggregation) and one observed part (the survey). O
course, the observed part will have a considerable effect on the

i nference because the mssing parts alone cannot really tell nuch

i nformati on.

In the inplenentation of the G bbs sanpler, just one of the steps
needs to be changed, which is the step where you sanple for the
propensities given the nunbers of people in each cell. Wat needs to
be done is just to add the numbers in the survey data to the
corresponding cells. It is conceptually clear and easy. |In practice,
if sanpling algorithms other than the abovenentioned are used, as we do
in our exanples for nore efficiency, incorporating survey information
can nake the sanpler nore conplicated.

We have anot her exanple using voting data for East Germany in
1998. GCermany has two votes. The first vote is for a candidate in a
first-past-the-post system and the second vote is the party vote. |If
a party gets nore than 5%it wins seats in parlianent. The data set
consists of two parts, aggregate data for the first and second votes
for the 72 electoral districts in East Gernmany, and individual |eve
survey (post-election study 1998) data of about 1000 people taken from
a sinple random sanple in East Germany. (The authors thank Thomas
Gschwend of the State University of New York at Stony Brook for this
data set.) The question of primary interest is voter transition

patterns. For exanple, we are interested in the nunber of people who



voted for the Green Party in the first vote and PDS for the second
etc.. We formulate the problemas an EI problemw th the nunber of
voters for each party (5 large parties and others, so it is 6 by 6
case) in the first vote as the explanatory variables, and formulate the
second vote as the response variables. W fit the same nodel with the
same prior specifications as in the fixed effects nodel in the previous
exanple. A sanple fromthe posterior distribution of the proportion of
peopl e in each voting category is tabulated below. Also included are
posteriors of the proportions of people who stayed with their origina
voting decisions (i.e., e.g., the proportion of people who vote for
Green Party in both the first and the second votes anobng the people who

vote for Green Party in the first vote).

SPD2 CDU2 FDP2 Green2 PDS2 O her 2
SPD1 0.740385 0.0466968 0.0117538 0.0269973 0.133293 0.0408747
CDhul 0. 0467698 0.800532 0.0390297 0.00792498 0.0151862 0. 090557
FDP1 0.123307 0.17833 0. 385825 0.079406 0.125265 0.107868
Greenl 0.131577 0.087251 0.0686003 0.465848 0. 15545 0. 0912739
PDS1 0.197749 0.0201034 0.0042898 0.0331723 0.663005 0.0816806
Ocher1 0.0919161 0.105228 0.0442493 0.0602559 0.0761088 0.622242

A sanpl e of the proportion of people in each voting category: e.g., the 0.740385 in the
upper left corner means that roughly 74 percent of the people who voted for SPDin the
first vote again voted for SPD in the second. Notice that each row in the above table
adds up to 1.0.
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H st ogram of the marginal posterior for the proportion of people who voted for SPDin the
first vote voted for SPD in the second.
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H st ogram of the marginal posterior for the proportion of people who voted for CDU in the
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Possi bl e extensions and directions for further research

1. Explore the tine and space dependence structures for ElI problens
2. Sensitivity analysis with respect to nodel specification, prior

speci fication, etc.. Moddel check and goodness-of-fit diagnostics
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