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Abstract

Administrative records are a promising data source for estimating census coverage or identifying
people missed in the census. An important unsolved problem in using records is determining which of
them correspond to people actually resident on Census day. We propose a hierarchical model in which
one level describes the migration process, and the other describes the probabilities of observation in each
of the available record systems. The observation model uses the full information in the records, including
the dates associated with the records and available covariate information, and can accommodate a variety
of record types, such as tax records, Medicare claims, and school enrollment lists. In addition, multiple
record systems can be modeled concurrently simply by multiplying the likelihood of observation for each
type. Posterior distributions of the in- and out-migration dates are obtained, leading to an estimate
of the probability of residency in the area on Census day. This work could be useful in the context of
an administrative records census, or as a way of expanding the role of administrative records in triple
system estimation.

1 Introduction

This work utilizes administrative records to help predict census day residency. This is done using a
Bayesian hierarchical model both of migration and of observation in each of the administrative record
systems. This is useful in the context of an administrative records census, or as a way of expanding the
use of administrative records in multiple system estimation.

This work has its basis in the methods of multiple system estimation. The field of multiple recapture
estimation was originally developed as a way of estimating animal populations, but has found application
in the Census undercount estimation (Fienberg 1992), as well as a variety of other fields. The idea is to
capture a set of animals, mark them in some way, release them, and then make further captures at later
points in time. A 2* contingency table can then be written, where k is the number of captures. The
contingency table indicates how many individuals were caught in each possible combination of captures.
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One cell will be missing: the cell for individuals missed by all captures. The role of modeling is to estimate
the size of this cell, thus estimating the total population size. The situation with two captures is known
as dual system estimation, and similarly, that with three captures is called triple system estimation. See
Darroch et al. (1993), El-Khorazaty et al. (1977), Pollock (1991), and Seber (1982) for more information
on multiple system estimation.

The early work in this field rested on a number of assumptions. These are: the population is closed (no
birth, death, or migration), the captures are independent, each individual has the same probability of
capture, and individuals can be perfectly matched between captures.

Work done more recently has tried to relax some of the above assumptions. Log-linear models have been
used to model the cell counts of the contingency table (Bishop et al. 1975, Fienberg 1972). This allows the
model to include dependencies between the lists. Unequal capture probabilities can be accommodated by
calculating estimates by strata, or by the use of a Rasch model (Fienberg et al. 1999). Bayesian methods
have also been employed in this problem. In particular, George and Robert (1992) use a Gibbs sampling
approach, while Smith (1991) compares Bayes, empirical Bayes, and Bayes empirical Bayes solutions.

Because of the interest in migration, this work also relates to the literature on the estimation of migration
parameters for animal populations. There is a large literature on this topic, mostly as an outgrowth of the
capture-recapture work. Most of these papers assume that several (usually 3-5) geographical areas have
been defined and they attempt to estimate the population size and the transition probabilities among the
areas. This is done by capturing animals in each location at a set of time periods, and keeping a record of
where and when each animal is observed. Estimates of the total population size and the migration rates
are then obtained. Much of this work involves modeling migration using Markov Chains (Brownie et al.
1993, Hestbeck et al. 1991). Dupuis (1995) provides a Bayesian approach.

In the context of the US Census, triple-system estimation has been suggested as a way to estimate the total
population size. The three systems are usually taken to be the Census itself, the Post-Enumeration Survey
(PES), and a series of administrative lists. One of the drawbacks of the use of administrative records is
that they usually cover a different time period than Census day, sometimes quite a bit earlier than Census
day itself. We have thus developed a model of migration that allows prediction of whether someone is still
a resident on Census day, given that we have a set of administrative records for them. As will be discussed
later, since the administrative records are available nationally, the model can also be used to assist in small
area undercount estimation across the country. For more information on administrative records and the
Census, see Larsen (1999), Scheuren (1999), and Zaslavsky and Wolfgang (1993).

2 Overview of Model

We propose a hierarchical model in which one level describes the migration process, and the other describes
the probabilities of observation in each of the available record systems. The observation model uses the
full information in the records, including the dates associated with the records and available covariate
information, and accommodates a variety of record types, such as tax records, Medicare claims, and school
enrollment lists. In addition, multiple record systems are modeled concurrently simply by multiplying the
likelihood of observation for each type. The posterior distributions of the in- and out-migration dates
are obtained, leading to an estimate of the probability of residency in the area on Census day for each
individual.



Suppose we have a list of administrative records (possibly also with the Census and/or the PES) from a
geographic area, covering the time period Ty to T;. Define a population consisting of all people living in
this area at any point during this time interval, thus including individuals captured by some, all, or none
of the systems. We are interested in modeling the in- and out-migration times from the area: ty; (the time
person i moved in) and ¢1; (the time person i moved out). The goal of the inference is to estimate the size
of the population at a particular point in time, usually Census day.

The model is a hierarchical model with 3 levels:
Level 1: P(observation history|migration dates, covariates, parameters)

Level 2: P(migration dates|covariates, parameters)

Level 3: Priors on the parameters

Level 1 models each individual’s observation in the administrative records. The likelihoods of observation
in each of the systems are multiplied together to obtain the full observation likelihood. Level 2 describes the
migration history for each individual: the in- and out-migration dates. These migration events are observed
through the observation history in Level 1. Level 3 describes the prior assumptions on the parameters. We
make prior assumptions about the parameters by setting them equal to pre-specified values, or by specifying
a distributional form for them. These prior assumptions may also depend on available covariates.

3 Details of Model

In this section we present specifics for the models at each level, giving examples of what each model might
look like. These are simplified examples for the purpose of exposition, and more complicated models can
be specified without changing the overall structure.

3.1 Migration Model

Level 2 describes the migration of the individuals, i.e. the time when the individual is in the area. This
models what is actually happening for each individual in the population. Each individual’s migration
history is summarized by two variables: %y;, the time person ¢ moved to the area, and %;, the time person
1 moved out of the area.

One simple model assumes a certain percentage of the population is present at the beginning of the time
period, and a constant hazard of moving for each individual. The two parameters that describe this are
the migration rate (A, the inverse of the average length of duration), and the proportion of people in the
population who were in the area at the beginning of the time period of interest (¢). This model implies an
exponential distribution for the length of residency and a mixture for ¢y;, with a mass at Ty and a uniform
distribution over the remaining time, to 77.

An alternative would be to calculate the proportion of people in the area at the beginning using the
model implied by the constant hazard of moving. However, this implies an additional assumption that the
constant hazard model applies throughout the indefinite past. Although the constant hazard assumption is
appropriate over a short time period, it is less appropriate over a longer time frame. Making this additional



assumption would imply that the people who have been in the area for a long time are homogeneous with
those who just moved in. Our more flexible model allows for possibilities such as a mixture of long- and
short-stayers in the population, with different migration rates for the two groups.

3.2 Observation Model and Examples

The observation level (level 1) describes the process of observing the individuals in the record systems. The
migration history is observed through these record systems as each person’s opportunity to be observed
depends on their migration history. We lay out a general framework for the probability of observing a set
of records given the migration history and covariates. This general model can accommodate many types
of record systems. A model for observation in each of the record systems is then generated, and the full
likelihood of observation is the product of the likelihoods of observation in each of the systems.

This example does assume conditional independence of each individual’s observation in each of the record
systems. Although this is a fairly common assumption in multiple system estimation, many studies have
shown that it is not a very good approximation. More complicated versions of our model can accommodate
dependence among the systems in two ways. One way is to allow for individual level heterogeneity in the
probabilities of observation, which would provide a link between the systems for each individual. A second
way is to model the joint distribution of observation in multiple systems directly.

We first give the general framework for a record system, and then go into a few examples of how the model
can be used in specific cases. For notational convenience, let j index the types of records (could be the
Census, the PES, or types of administrative records), and 7 index individuals.

The following variables are defined for each of the record systems (j = 1, ..., J):
wj; = Bernoulli variable indicating person ¢ being in record system j at any time
wji|ozjz~ ~ Bernoulli(aji)
aj; represents the probability of individual ¢ having record type j
;i = Date associated with record type j for individual
Distribution will depend on record type
zj; = Indicator for individual ¢ being observed in file j
Function of wj;, y;;, migration dates, and file coverage
zji = Zj (wji, tois tii, Yjir Toj, T1j)
Toj = Beginning of time period covered by record type j
T1; = End of time period covered by record type j

Define T as min{7j;}, the beginning of the time period covered by any source, and 71 as max{7Ty;}, the
end of the time period covered by any source.

The pieces of the model are combined by multiplying the likelihoods of each record type. The full likelihood
is thus of the following form:

L(z]0) o« I1; [Hj P(wji|aji)P(yji|wjz’aOlji)P(Zji|yjiawjz’at0iatliaTOjale)] P(toi, t1i| A, q)-

This notation for the observation model can accommodate a variety of record systems, including admin-
istrative records files, the Census, and the PES. The framework stays the same, but the specifics of the
distributions change based on the type of record system. Below are a few examples of the types of records
that can be modeled in this way.



3.2.1 Census

In the case of the Census, wg; ~ Bernoulli(ac;) for all i. a¢; depends on each individual’s characteristics,
as well as the undercount rate. Since the Census records cover just one day, yc; = April 1 for everyone,
and Tyc and Ty are both April 1. The function for z¢; is then zg; = 1 if {we; = 1,80 < April 1 < ¢y},
zci = 0 otherwise.

3.2.2 Tax Returns

For tax returns, wp; ~ Bernoulli(ati), where ap; depends on personal characteristics, and represents
the probability that someone with person 4’s characteristics files a tax return. This may depend on
characteristics such as age or region of the country. Since tax returns are generally filed around April 15,
the distribution of yr; is centered around April 15, with some spread for early or late filers. Two choices
here would be to model this parametrically or non-parametrically. A parametric model might use a Gamma
distribution. However, with a large data set, a non-parametric estimate of the distribution of filing dates is
possible. Tyr is the beginning of the time period covered by the file, and T3 is the end date of the period
covered by the file. The function for zp; is then zp; = 1 if {wp; = 1,t0; < yri < t14, Tor < yri < Tir}, and
z1; = 0 otherwise.

3.2.3 Driver’s Licenses

Although driver’s licenses are unlikely to be used as a record system in the Census context because of
complications of state level laws and data files, they are a good, intuitive example of how the model works.
In this case, wp; ~ Bernoulli(ap;), where ap; depends on personal characteristics (in particular, age), and
location in the country. ap; represents the probability that someone with person #’s characteristics has a
driver’s license. Since most driver’s licenses are renewed every 3 or 5 years, on the individual’s birthday, we
assume that the distribution of renewal dates, yp;, is Uniform. Since we are only concerned with the most
recent renewal, the right endpoint of this distribution is T7p (the endpoint of our observation interval),
and the left endpoint is T1p — R, where R is the length of time between renewals. We then assume that
anyone with a driver’s license who was in the area would have had to renew their license at some point in
this interval. The function for zp; is then zp; = 1 if {wp; = 1,%0; < ypi < t1i,Top < ypi < Tip}, and
zpi = 0 otherwise.

3.2.4 Other Types of Records

Other types of records that could be modeled in this way include the Social Security Service’s Master
Beneficiary Record, which is a list of anyone entitled to Social Security Benefits, updated monthly. Each
individual would have a probability of being a Beneficiary in each month, and their observation date would
be modeled as uniform through the month. The monthly files could give us fairly precise information on
when the individuals moved to or from the area.

Similarly, records such as Medicare can be modeled, but are somewhat more complicated. In this case we
can still estimate the probability that an individual is a Medicare recipient. However, the distribution of
claims will be more complicated since some people will have many claims in a short time period, while



others may have claims very spread out. A mixture model may be of use here, to model the different types
of people. The specifics still have to be worked out, but the general framework still applies.

4 Inference

The structure of the hierarchical model allows inference on each of the 3 levels: global parameters such as
the migration rate, individual migration times, and individual observation and record histories. The level
of inference will depend on the goal. For example, inference about the global migration parameters may
be of interest to sociologists interested in studying migration patterns. This flexibility of levels of inference
enables the model to be useful for a variety of purposes.

In the Census context, we are mostly interested in inference on the second level, regarding the migration
dates for individuals. It is possible to obtain posterior estimates of individual’s migration dates, which lead
to estimates of the probability of residency, and in turn lead to an estimate of population size on Census
day. An example of this is given below.

5 Simulation Example

5.1 Set-up

The first situation considered is a simple example where we have a file of driver’s license records as well
as the Census. As discussed above, this is not entirely realistic for Census population estimation, but it
provides a simple example to illustrate the main ideas of the model, including inference about residency
on Census Day.

Assume that the observation period starts at 7y = 0 and ends at 77 = 365 (measured in days). Census
day is at the end of this time period, at day 365. The observation model for the Census is that described
above, with a file covering Census day. We assume that ag; = a¢ for all ¢, implying that everyone has the
same probability of being in the Census. This is an assumption that is easily relaxed.

The observation model for the driver’s licenses is also described above. Again, we assume that ap; = ap
for all 5. We assume that people have to renew their licenses every year (R = 365) and that the Driver’s
License file coverage is 1 year, ending at Census Day. The distribution of the most recent renewal date is
thus approximated as Uniform(0, 365). This set-up gives us more information on the migration dates and
file coverage. If someone is not observed in the driver’s license file, we know that it is either because they
do not have a license (wp; = 0) or because they were not in the area at the time of their renewal (yp; < to;

or Yp; > tli)-

The migration model is that described above, with a mixture model for #y; and an exponential distribution
for the time before moving out. For clarity and ease of exposition of the inference part of the model, ¢
and X are set to be constant during the initial simulations. The values are ¢ = .8 and A = ﬁ, which
correspond to an average duration of stay of 5 years. The prior distributions used for a¢ and ap are
Beta(1,1)



5.2 Details of Computations

The posterior distribution of the parameters is obtained by multipling the likelihood by the prior. Draws
from the joint posterior are obtained by running a Gibbs sampler, which iteratively draws from each of the
full conditional posterior distributions and converges to the joint posterior. The Gibbs sampler iterates
through the following steps:

Let © = {{to:}, {t1:}, {wci}, {wpi}, {zci}, {zpi }, {yci}, {ypi}, M ¢, ac, ap}

1. Global Parameters

(a) ac|O\qy ~ Beta(aae + 25 Wai, bag + N — 35 wei)

(b) ap|O\a, ~ Beta(aa, + 32 Wpi, bap, + N — 37 wpi)

(¢) A|©\x ~ Gamma(ay + N, by + 37;(t1i — toi))

(d) q|©\q ~ Beta(aq + >2; 6(toi = To), bq + 325 6(To < toi < T1))

Note: In this simulation, A and ¢ were not drawn. The distributions provided here would be
used if A and g were not set to be constant.

2. Individual Migration Parameters
(2) toilOvig; ~ AN (q (3(to; = To)) + (1 — @)(8(To < toi < T1))) I{tf; < toi < t5;
ty and t§; are bounds on ty;, determined by the set of records observed
(b) #1iO\r,, ~ Exp(MI{t; < t1; <t
& and ¥, are bounds on #1;, determined by the set of records observed
3. Individual Observation Parameters
(a) ycil®\y,; =Census Day, for those with wg; =1
yco; undefined if we; = 0

(b) yDi|®\yDi ~ UnifOrm(yBi,ygi)
ygi and ygi are determined by the set of records observed
yp; undefined if wp; =0

(c) weilO\we,; ~ Bernoulli(ac), unless determined by observation history
® C.g8 Wce; = 1if ZCi = 1

(d) wpilO©\y,,; ~ Bernoulli(ap), unless determined by observation history

Note that some of these distributions involve N, the population size. Since not everyone in the area is
observed in one of the systems, N is unknown. However, with good file coverage and enough administrative
record files, the number of people observed in at least one of them should approach the true value of N. A
later version of the model will allow for individuals who were in the area but missed by all files. This can
be done by drawing a value of N from its posterior distribution, and then imputing individuals for whom
zc; = 0 and zp; = 0 but who were in the area at some point between Tj and T7.

The ranges of possible values for %g;, £1; and yp; are determined by the records observed for each individual
and the current values of the other parameters. The dates of observation also determine how much



information there is in the data for each individual. For example, an individual with a Driver’s License
observed on day 25 and also observed on Census Day (day 365) has much more information than someone
observed only on day 25. Likewise, an individual observed only in the Driver’s License file, on day 350,
has much more information than someone observed only in the Driver’s Licenses but only on day 25.

This also leads to complications in the computations, as each individual has a different range of possible
values. Many of the steps in the Gibbs sampler thus consist of a series of cases (observed in both, observed
in just the census, or observed in just the driver’s licenses). A few examples are given below, and more
details on this are available upon request.

Case 1: Observed in Driver’s License file on day yp; and in the Census on day yc; = 365
For this individual, we know that tp; < yp; and t1; > 365. We do not consider the possibility of
someone moving out and then back in in a short time period. We also know that for this individual,
we; = 1 and Wp; = 1.

Case 2: Not observed in Driver’s License file, observed in Census on day yc; = 365
The possible range of #y; and t1; depends on the current value of wp;.

Case a: wp; = 0: Since the individual does not have a Driver’s license, their absence from the file tells
us nothing about their migration history. We thus only know that to; < 365 and ¢1; > 365 since
they were in the area on Census Day. Finally, since wp; = 0, yp; is undefined.

Case b: wp; = 1: This implies that the individual did renew their driver’s license, but not during the
time that they were in the area. For a given value of yp; (drawn from its posterior distribution,
given above), we then know that the individual must have either moved in after yp; or out
before yp;. This thus restricts the possible values of #y; and ;.

Case 3: Observed in Driver’s License file on yp;, not in Census file
Again, there are two cases, depending on the current value of wc;.

Case a: wg; = 0: Since the person is not in any Census record, this gives us no information on the
individual’s migration history. We only know that #y; < yp; and t1; > yp;. yo; is undefined.

Case b: wg; = 1: This implies that the person is in the Census, but was not in the area of interest on
Census Day. Since our population is defined as everyone in the area at some point between T
and T7, we thus know that the individual must have moved into the area before yp;, and out of
the area before Census Day (365).

Case 4: Observed in neither file
For now, we do not consider these individuals since they would not appear in our files. However, as
discussed above, a later version of the model will impute individuals who are in this category.

5.3 Results

Since we do not have access to administrative or Census records, the data used to illustrate this example
was simulated. The simulated data set consisted of only people observed in one or both of the systems,
resulting in a sample size of 427. The “true” parameter values are shown in Table 1, as well as posterior
estimates from the Gibbs sampler.



Table 1: Posterior Estimates of Parameter Values

95% Posterior
Parameter | True Value | Posterior Mean Interval
q 0.8 NA NA
A ﬁ NA NA
ac 0.9 0.89 (0.86, 0.92)
ap 0.7 0.79 (0.74, 0.83)
N¢ 408 412 (402, 420)

N¢ = size of population on Census Day

The addition of just one record system, the Driver’s License file, added 42 individuals to the Census Day
population count (the Census file had 370 individuals observed on Census day). In addition, the posterior
intervals for the three main parameters covered or were close to the true parameter values.

Since our goal is to determine the probability of residency on Census Day, we are primarily interested in
the individual migration dates, to; and t1;, and their implications regarding residency on Census Day. The
main inference will be for individuals observed in the Driver’s License file and not in the Census. Figure 1
illustrates the information gained by observing an individual in the Driver’s License file at various points
in time. As expected, individuals observed later are more likely to still be in the area on Census day.

Figure 1: Probability of Residency on Census Day for those observed only in Administrative Records
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6 Discussion

The strength of this model lies in its flexibility. In addition to being able to model many types of records,
multiple record systems can be modeled at the same time. This is done by multiplying the likelihoods for
observation of each type of record. This could be of particular use with the new Census Bureau StARS
data set that contains data from 5 different records systems.

In addition, as discussed above, the model does not assume that the record systems are independent.
As described, the dependence of the systems may be accommodated by allowing dependence among the
probabilities of an individual being observed in each of the systems. Alternatively, the joint distribution
of observation in all of the record systems could be modeled directly.

Complexity can also be built up by adding covariates such as demographic or area characteristics. These
could be added in by making the observation or migration models dependent on various covariates. On the
migration side, seasonality in migration could be taken into account, as well as different rates of migration
by demographic characteristics or location.

In a larger sense, administrative records have great potential to assist in the estimation of the undercount of
the US Census. One possibility that has been discussed is to use administrative records as the third system
in triple system estimation (the Census itself and the PES being the other two systems). However, even
more potential may lie in using national administrative records as the “second” system in triple system
estimation, with the PES serving as the third system. National administrative records could be matched
to the Census, and then the PES would help estimate some of the parameters. Since both the Census and
the administrative records are available nationally, the whole system could then be used to provide small
area estimates across the country.

There are three main advantages to using administrative records as a second major source of individuals.
The records could be used to add (or subtract) people for whom we have direct evidence that they were (or
were not) in the area on Census day. The PES can do this as well, but not across the entire nation. There
would also be less reliance on synthetic estimates of the undercount, as no assumptions of homogeneity
across areas would be necessary and local undercount estimates could be obtained more reliably. Finally,
this would be a major step forward in the use of administrative records in the Census. The StARS database
currently under development and the corresponding AREX experiment in the 2000 Census should give some
indication of the potential for this method.

The migration model described here could reduce some of the problems associated with the use of adminis-
trative records. In particular, it could help reduce the amount of field follow-up needed, as it could identify
the people that were more or less likely to still be in the area on Census day. Finally, the model may be
useful to deal with movers in the PES. In that case, we would observe an individual on a date after Census
day, and use the model “backwards” to predict residency on Census day.

In addition, there is potential for the use of this model in fields such as demography and sociology, where
human migration is a major research area. The model can be extended to describe a list of events for
individuals, jointly with their movement patterns. It could also possibly be used to help identify the
determinants of migration.
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