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Abstract

This paper considers tests of the parameter on endogenous variables in an instru-
mental variables regression model. The focus is on determining tests that have some
optimal power properties. We start by considering a model with normally distrib-
uted errors and known error covariance matrix. We consider tests that are similar
and satisfy a natural rotational invariance condition. We determine tests that maxi-
mize weighted average power (WAP) for arbitrary weight functions among invariant
similar tests. Such tests include point optimal (PO) invariant similar tests.

The results yield the power envelope for invariant similar tests. This allows one
to assess and compare the power properties of existing tests, such as the Anderson-
Rubin, Kleibergen LM, and Moreira LR tests, and the new optimal WAP and PO
invariant similar tests.

Keywords: Instrumental variables regression, invariant tests, optimal tests, similar
tests, weak instruments, weighted average power.
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1 Introduction

TO BE ADDED.

The remainder of this paper is organized as follows. Section 2 determines tests
that maximize weighted average power (WAP) in an IV regression model with one
endogenous variable, multiple exogenous and instrumental variables, normally dis-
tributed errors, and known covariance matrix. Section 3 presents simulation results
for the tests introduced in Section 2. Section 4 adjusts the tests introduced in Sec-
tion 2 to allow for an estimated error covariance matrix and analyzes the asymptotic
properties of these tests. This Section also introduces versions of these tests that are
robust to heteroskedasticity and other versions that are robust to heteroskedastic-
ity and autocorrelation. Section 5 provides an asymptotic WAP result for the tests
introduced in Section 4 under the assumption of iid normal errors and unknown co-
variance matrix ). Section 6 presents simulation results for the tests introduced in
Section 4 for models with a variety of different error distributions and unknown co-
variance matrix. Section 7 determines tests that maximize WAP in an IV regression
model with multiple endogenous, exogenous, and instrumental variables, normally
distributed errors, and known covariance matrix. An Appendix contains proofs of
the results.

2 Model with One Endogenous Variable, Normal Errors,
and Known Covariance Matrix

2.1 Model and Sufficient Statistics

In this section, we consider a model with one endogenous variable, multiple ex-
ogenous variables and instrumental variables (IVs), and errors that are normal with
known covariance matrix.

The model consists of a structural equation and a reduced-form equation:

y1 = Y28+ X7 +u,
y2 = Zm + XE& + va, (2.1)

where y1,y2 € R*, X € R"P and Z € R™* are observed variables; u,vy € R"™

are unobserved errors; and 8 € R, ™ € RF 4, € RP, and & € RP are unknown

parameters. The matrices X and Z are taken to be fixed (i.e., non-stochastic) and

[X : Z] has full column rank p + k. The n x 2 matrix of errors [u:vs] is assumed to

be iid across rows with each row having a mean zero bivariate normal distribution.
Our interest is in testing the null hypothesis

Ho : B = Bo. (2.2)

The alternative hypothesis of interest may be one-sided, H; : 8 > 8, or Hy : 5 < B,
or two-sided Hj : 8 # f.

First, we re-write the reduced-form equation in such a way that inference on
can be rendered free of the nuisance parameters (7y;,£;). The idea is to transform



the IV matrix Z so that the transformed IV matrix Z and the eX0genous regressor
matrix X are orthogonal. We write

yo = Z7 + X& 4 v, where
Z = MxZ, Mx =1, — Px, Px = X(X'X)"'X’, and
¢ =& + PxZn. (2.3)

Note that Z'X = 0.

Next, we consider the two reduced-form equations that correspond to the struc-
tural equation in (2.1) and the reduced-form equation in (2.3). In particular, substi-
tution of the latter into the former gives

y1 = ZrB+ Xv+v
yo = Zm + XE& + vy, where
v =71 +&6 and v; = u + va/5. (2.4)

The reduced-form errors [v;:v] are iid across rows with each row having a mean zero
bivariate normal distribution with 2 x 2 nonsingular covariance matrix {2. In order
to obtain exact optimal tests, we assume in this section that €2 is known. As shown
below, asymptotically valid tests can be obtained by replacing €2 by an estimator
when 2 is unknown.

The two equation reduced-form model can be written in matrix notation as

Y = Zwad' + Xn+V, where
Y = [y1:y2], V = [v1:v2],
a = (B,1), and n = [y:¢&]. (2.5)

The distribution of Y € R™*? is multivariate normal with mean matrix Zma’ + Xn,
independence across rows, and covariance matrix {2 for each row. The parameter
space for 0 = (B, 7,7/, £") is taken to be R x R* x RP x RP.

Because the multivariate normal is a member of the exponential family of distrib-
utions, low dimensional sufficient statistics are available for the parameter € and the
sub-vector (3, 7')":

Lemma 1 For the model in (2.5),

(a) Z'Y and X'Y are sufficient statistics for 6,

(b) Z'Y and X'Y are independent,

(¢) X'Y has a multivariate normal distribution that does not depend on (5, 7"),

(¢) Z'Y has a multivariate normal distribution that does not depend on n = [y:£],
and

(d) Z'Y is a sufficient statistic for (B,7')".

Our interest is in tests of the null hypothesis Hy : 8 = (. In consequence, there is
no loss (in terms of attainable power functions) in considering tests that are based on
the sufficient statistic Z'Y for (3, 7). Note that the nuisance parameters n = [y:£] are



eliminated from the problem when one considers tests based on Z’'Y. The nuisance
parameter 7 remains.

The k x 2 sufficient statistic Z'Y" can be simplified without loss of information by
applying a one-to-one transformation that yields (i) the first transformed column to
be independent of the nuisance parameter 7 under the null, (ii) independence of the
two transformed columns (under the null and the alternative), and (iii) independence
across rows in each column (under the null and the alternative). Condition (i) is
achieved by using a linear combination of the columns of Y that has zero mean when
$ = Bo. Condition (ii) is achieved by taking the second transformed column of Z'Y
to be a linear combination of the columns of Z'Y that is uncorrelated with the first
transformed column. Condition (iii) is achieved by rotating each of the transformed
columns so that their covariance matrices equal Ij. In particular, we consider?

S = (Z'2)"Y2Z'Y by - (byQbe)~Y/? and
T = (Z2)V*2'yQ ag - (ahQ ag) ™2, where
bo = (1,—B) and ag = (By,1)". (2.6)
The means of S and T' depend on the following quantities:

p, = (2'2)Y?*r € R¥,

cs = (B—Bo) - (byQbo)~H? € R, and

ds = d'Q Yag - (ap ag) Y2 € R, where

a=(8,1). (2.7)

The distributions of the sufficient statistics S and T" for the parameters (3, ) are
given in the following lemma.

Lemma 2 For the model in (2.5),
(a) S ~ N(capin, i),

(b) T ~ N(dgpiy, It), and

(c) S and T are independent.

Comments: 1. The results of the lemma hold under Hy and H;. Under Hgy, S has
mean Zzero.

2. The statistic 7 can be written as dg(Z’Z)'/?7, where 7y denotes the maximum
likelihood estimator of m under Hy. This follows from Lemma 2(b) because under Hy
minus two times the log-likelihood function for 7 based on the normal density of 7" is a
constant plus (7' —dg, (Z’Z)l/QT(),(T—dﬁO (Z' Z)Y/?7), which has first-order conditions
given by —(T' — dg,(Z'Z)/*70)ds,(2'Z)Y/? = 0. Note that 7o = (2'Z) 1 Z'YQ tao -
(apQr~tap)~! and E7y = m under Hy.

3. Independence of S and T can be established by showing that S and T are
jointly multivariate normal with zero covariance. An alternative proof is by applying
Basu’s Theorem, e.g., see Lehmann (1986, Thm. 5.2, p. 191). Basu’s Theorem says
that S and T are independent because the distribution of S does not depend on 7
and T is a boundedly complete sufficient statistic for 7.



4. The constant dg that appears in the mean of T' can be rewritten as

dg = b'Qbg - (byQbo)~Y2(det(2)) "2, where
b= (1,-8). (2.8)

This holds because some algebra shows that

apQ Lag = byQby/ det(Q) and
a'Q tag = b'Qbg/ det(Q). (2.9)

2.2 Similar Tests

A test based on the sufficient statistics (S,T") is similar if its null rejection rate
does not depend on 7. The parameter m determines the strength of the instrumental
variables Z. The finite sample performance of some tests, such as a t test based
on the two-stage least squares estimator, varies greatly with 7. In consequence,
such tests often exhibit substantial size distortion when asymptotic critical values
are employed. By definition, similar tests do not suffer from this problem. For this
reason, it is important to characterize the class of similar tests.

Let the [0,1]-valued statistic ¢(S,T") denote a (possibly randomized) test that
depends on the sufficient statistics S and T.

The following result is given in Moreira (2001).

Proposition 1 A test ¢(S,T) is similar with significance level o if and only if
Eg, +(¢(S,T)|T = t) = a for almost all t, for all 7 € R*, where Eg . denotes
expectation under (By, ).

Comments: 1. The proof of this result uses the fact that S is ancillary under Hy and
the family of distributions of 7' under Hy is a k-parameter exponential family indexed
by m with parameter space that contains a k-dimensional rectangle. In consequence,
T is a complete sufficient statistic for m under Hy. This implies that any function of
T whose expectation does not depend on 7 is equal to a constant with T' probability
one. In particular, for a similar test ¢(S,T), Eg, (¢(S,T)|T) is a function of T
whose expectation equals « for all 7. Hence, by completeness, Eg, (¢(S,T)|T = t)
must equal « for almost all ¢.

2. Moreira (2003a) used Proposition 1 to specify conditional Wald and likelihood
ratio (LR) tests that are similar. In this paper, we seek similar tests that have some
optimal power properties.

3. Examples of similar tests (in the model with multivariate normal errors and
known error covariance matrix §2) include the Anderson and Rubin (1949) (AR) test,
the LM test of Kleibergen (2002) and Moreira (2001), and the conditional Wald and
LR tests of Moreira (2003a) (where for each test an estimator of the unknown (2
matrix that appears in the test statistic is replaced by the known matrix €2).

4. We use Proposition 1 below to characterize the class of invariant similar tests.



2.3 Invariant Tests

The sufficient statistics S and T' are independent multivariate normal k-vectors
with spherical covariance matrices. The coordinate system used to specify the vectors
should not affect inference based on them. In consequence, it is reasonable to restrict
attention to coordinate-free functions of S and T'. That is, we consider statistics that
are invariant to rotations of the coordinate system.

We consider the following groups of transformations on the data matrix [S: 7]
and correspondingly on the parameters (3, 7):

G = {gr : gr(x) = Fx for x € R¥*? for some k x k orthogonal matrix F'} and
G = {gp:958,7) = (B, (Z2'2)"V2F'(Z'Z)}/*x) for some k x k orthogonal
matrix F'}. (2.10)

The transformations are one-to-one and are such that if [S:T] has a distribution with
parameters (3, 7), then gr([S:T]) has distribution with parameters g (/3,7), as in
Lehmann (1986, p. 283). Furthermore, the problem of testing Hy : 8 = 3, versus
the alternative hypothesis H; (for any of the alternative hypotheses H; considered
above) remains invariant under each transformation gp € G because Hy and H; are
preserved under g (i.e., g(B, m) is in H; if and only if (5, 7) is in H; for j =0, 1).

An invariant test, ¢(S,T'), under the group G is one for which ¢(FS,FT) =
@(S,T) for all k x k orthogonal matrices F. By definition, a mazimal invariant is a
function of [S:T that is invariant and takes different values on different orbits of G.3
Every invariant test can be written as a function of a maximal invariant, see Thm.
6.1 of Lehmann (1986, p. 285). Hence, it suffices to restrict attention to the class of
tests that depend only on a maximal invariant.

Let
Q = [S:TV[ST] = [ SN } - [ o e } and
Q1 = (5'S,8'T)" = (Qs,Qst)"- (2.11)

The subscript 1 on 1 reflects the fact that )1 is the first column of Q.

For convenience, we use () and (Q1, Q) interchangeably. For example, if we define
a function h(Q), then h(Q1,Qr) is presumed to be defined such that h(Q1,Qr) =
h(Q). Although this involves some abuse of notation, it is justified by the one-to-one
transformation from @ to (Q1, Q7).

Theorem 1 The 2 x 2 matriz Q) is a maximal invariant for the transformations G.

Comments: 1. Equivalently, (Q1,Qr) is a maximal invariant.

2. By definition, the statistic @ has a non-central Wishart distribution because
[S:T] is a multivariate normal matrix that has independent rows and common co-
variance matrix across rows. The distribution of () depends on 7 only through the
scalar A > 0 defined by

AN=n'Z"Zr. (2.12)



This occurs for the same reason that a noncentral chi-squared distribution only de-
pends on the mean vector through its length. In consequence, the utilization of
invariance has reduced the k-vector nuisance parameter 7 to a scalar nuisance para-
meter A. This is true both under the null and under the alternative.

3. Examples of invariant tests in the literature include the AR test, the LM test of
Kleibergen (2002) and Moreira (2001), denoted KLM, and the conditional Wald and
LR tests of Moreira (2003a), denoted MW and MLR respectively. The AR, KLM,
and MLR test statistics depend on @ or (S,T) in the following ways:

Par(Q) = Qs =5'S,
xn(Q) = Qép/Qr = (S'T)?/T'T, and (2.13)

drrr(Q) = % <QS - Qr+ \/(QS +Qr)? - 4(QsQr — Q%T)) :

The MW test statistic is a more complicated function of ). For brevity, we do not
give it.
Invariant similar tests are characterized as follows:

Theorem 2 An invariant test ¢(Q) is similar with significance level « if and only
if Eg, A\(0(Q)|QT = qr) = « for almost all qr and all X > 0, where Eg  \ denotes
expectation when = By and w is such that n'Z'Zm = A.

Comments. 1. The four tests in (2.13) are invariant similar tests. Hence, they
satisfy the property specified in the theorem.

2. The theorem suggests that a method of determining an invariant test with
optimal power properties is to find an optimal invariant test conditional on Q1 = gr
for each g > 0.

3. An equivalent condition to the one stated in the theorem is “Eg r¢(Q1,q7) =
a for almost all gr and all A > 0.” This holds because ()1 and () are indepen-
dent under Ho by Lemma 3(f) below and, hence, Eg 1(¢(Q1,Qr)|Qr = qr) =
Eg, A (6(Q1,97)|Qr = qr) = Egy x(Q1, gr) for almost all gr.

4. Theorem 2 states that invariant tests are similar if and only if they have
Neyman structure with respect to Q7 (e.g., as defined in Lehmann (1986, pp. 141-
2)).

5. The statistic Qr is complete under Hy because T' ~ N(dg, pir, Iz) is complete
by Thm. 4.1 of Lehmann (1986, p. 142) and a function of a complete statistic is
complete by the definition of completeness.

2.4 Weighted Average Power

The four invariant similar tests in (2.13) are ad hoc in the sense that they do not
have any known optimal power properties. (The exception is the AR test when k = 1,
which is shown in Moreira (2001) to be uniformly most powerful unbiased.) We now
address the question of optimal invariant similar tests. We determine the invariant



similar test that has maximum weighted average power (WAP) with respect to (wrt)
a given weight function W over the parameter values in the alternative. The use of
sufficiency and invariance reduces the dimension of the alternative parameters that
need to be considered from 1+ k + 2p for 0 = (8, 7,&',7") to just 2 for (3,\) . In
consequence, it is relatively easy to specify weight functions W of interest.

Let W (3, ) be a probability distribution on R x R*. Weighted average power of
a test ¢(Q) with respect to W is given by the Lebesgue integral

mwmzf%m@MM@m (2.14)

where Ej 5 denotes expectation when the true parameters are (3, \)’.
Let

awlas,ar) = /R  Jouorlanars 8 AW (B, ), (2.15)

where fo, 0,(q1,q7; 5, ) denotes the joint density of (Q1,Qr) at (¢1,qr). Let ¢1 =
(gs,qsr)’.- WAP can be written as power against the single density gy (q1, q7):

K (¢, W)

Z/ [/ ?(as, s, ar) 01,0+ (as, asT, qr; B, N)dqsdgsrdgr | dW (B, )

JRXRt |JRTXRxRt

:/ ?(q1,9r)9w (g1, gr)dq1dqr (2.16)
JRTXRxRt

using the Tonelli-Fubini Theorem, e.g., see Dudley (1989, Thm. 4.4.5, p. 104).
For example, suppose one takes the weight function W to be point mass at
(B*,\*). That is,

1 if (B,\) = (8%, \*

W xe(B,A) = { 0 otl(il’"wzse. ) (2.17)
Then, the test that maximizes WAP among invariant similar tests with significance
level a is the point-optimal invariant (POI) similar test of level a against (8, A*).

Most existing tests in the literature are two-sided tests. Examples include the
four tests in (2.13). To obtain optimal two-sided tests one can specify W to give
weight to B values both less than and greater than (. For example, for given §* > 0
and \* > 0, consider the following weight function:

1/2 3 (8,3) = (B — 6", X") or (B + 8%, X")

W x (B,A) = { 0 otherwise ’ (2.18)

The test that maximizes WAP for this weight function among all level « invariant
similar tests can be viewed as a two-sided POI similar test.



A second example of a two-sided weight function (wrt 3) is obtained by considering
two probability density functions wrt Lebesgue measure on RT, say w1 () and wa(-).
A two-sided absolutely continuous weight function Wy, ., is defined by

AWy 1wy (85 A) = w1 (|8 — Bo|)wa(A)dBdA. (2.19)

One also could consider absolutely continuous weight functions that are not of the
product form in (2.19) and/or are not symmetric in 5 — ;. However, the form in
(2.19) seems quite natural.

2.5 Optimal Invariant Similar Tests for Weighted Average Power

We want to find a test that maximizes WAP for weight function W among all
level o invariant similar tests. By Theorem 2, invariant similar tests must be similar
conditional on Q7 = qr for almost all gr. In addition, by (2.16), WAP for weight
function W equals unconditional power against the single density gw (q1, ¢r). In turn,
the latter equals expected conditional power given )r. Hence, it suffices to determine
the test that maximizes conditional power given ()7 = ¢r among tests that are
invariant and are similar conditional on Q7 = qr, for each gr.

Conditional power given Q1 = qr is

K(6,W|Qr = qr) = /R . Olaar)aw (alar)dn. (2.20)

where gy (¢q1]gr) denotes the conditional density at ¢; of @1 given Q7 = gp. We have

gw(qilar) = %7 (2.21)

where gy (q1, qr) is defined in (2.15),

gw(aqr) = / gw (a1, gr)dq
JRTXR

_ / / For.on (a1, ar: B, NdqrdW (8, \)
‘$XR+~R+XR

= [ Joslar: 5 0aW (5,3, (2.22)
JRxRt+

and fo, (qr; B, \) denotes the density of Q7 at qr.

Next, we consider the conditional density of ()1 given Q7 = g7 under the null
hypothesis. Because Q1 is a sufficient statistic for m under Hy, this conditional
density does not depend on 7 or A. Hence, we denote the conditional density of ()1
given Qr = g under the null hypothesis by fg, |0, (q1lqr; Bo)-

For any invariant test ¢(Q1, @), conditional on Q7 = gr, the null hypothesis
is simple because fg,0,(q1lg7;By) does not depend on 7 or A. Given the WAP
criterion function K (¢, W), the alternative hypothesis of concern also is simple. In
particular, conditional on Q7 = gr, the alternative density of interest is gw (q1|qr).



In consequence, by the Neyman-Pearson Lemma, the test of significance level a that
maximizes conditional power given Q7 = qr is of the likelihood ratio (LR) form and
rejects Hg when the LR is sufficiently large. In particular, the conditional WAP-LR
test statistic is

LRw(Q1,qr) = —Iw(Qilar) gw (Q1, qr)

 Jaier(@lars o) gwlar) faiior (@ilars o) (2.23)

The unconditional WAP-LR test statistic is LRy (Q1, Q).
In order to provide an explicit expression for LRy (Q1,Qr), we now determine

the densities fq, qr(q1,97:8, ), for(qr; B,A), and fg 10, (q1ler; Bp) that arise in
(2.15), (2.22), and (2.23). These densities and the tests considered below depend on

the following quantity:

£5(q) = hizghs
= c%qs + 2cgdgqsT + d%qT, where
hg = (cg,ds)". (2.24)

Note that {3(q) > 0 because q is positive semi-definite a.s.
Lemma 3 (a) The density of (Q1,Qr) is

foi.Qr(q1,qr; B,A) = K1 exp(—)\(c% + d%)/g) det(q)k=3)/2
x exp(—(gs + qr)/2)(Ma(a) ™ * 2 1o (1 /A5 (a)),

where q1 = (qs,qsT) € R" X R, qr € RT, ¢ = [ 4s  dsT }

gst dr
Kl—l _ 2(’”2)/271/21“((14: _ 1)/2)’

I,(-) denotes the modified Bessel function of the first kind of order v, T = pi =
3.1415..., and T'(+) is the gamma function.

(b) The density of Qr is a non-central chi-squared density with k degrees of free-
dom and noncentrality parameter d%)\:

farlar; B,2) = Kz exp (—Ad3/2) ¢ 2% exp (—qr/2)

X ()\d%QT)_(k_Q)/4 Ik—2)/2 (\/ Ad%QT)

for qr > 0, where K2_1 =2.
(¢) Under the null hypothesis, the conditional density of Q1 given Qr = qr is

foriap (a1,ar3 Bo) = K1K; " exp(—qs/2) det(q)*3/2q, F 272,



(d) Under the null hypothesis, the density of Qg is a (central) chi-squared density
with k degrees of freedom:

fas(as) = Ksq 2% exp (—gs/2)

for qs > 0, where Kg' = 2*/?T(k/2).
(e) Under the null hypothesis, the density of So = Qs /(||S|| - ||T|]) at s2 is

fs,(s2) = Ky(1 — s3)*=9)/2

for so € [—1,1], where K;' =7/2T((k —1)/2)/T(k/2).
(f) Under the null hypothesis, Qg, Sz, and T are mutually independent and, hence,
Qs, So, and Qr also are mutually independent.

Comments: 1. The joint density fg, o, (gs,qr; 5, A) given in part (a) of the lemma
is a noncentral Wishart density.® The null density of Sp given in part (e) of the
lemma is the same as that of the sample correlation coefficient from an iid sample of
k observations from a bivariate normal distribution with means zero and covariance
matrix I when the means of the random variables are not estimated.

2. Parts (d)-(f) of the lemma are used below to simplify the calculation of critical
values for optimal WAP tests.

3. The modified Bessel function of the first kind that appears in the densities in
parts (a) and (b) of the lemma is defined by

o) 1132 j
e) = (/23 )

= (v+j+1) (2.25)
for x > 0, e.g., see Lebedev (1965, p. 108). Sometimes the function I, (z) is referred
to as a Bessel function of the first kind with imaginary argument. For |z| small,
I(z) ~ (2/2)"/T(v 4 1); for |z| large, I, (z) ~ e*/v/27x; and for v > 0 (which holds
in the expression for fo, 0, (q1,qr;8,\) whenever k > 2), I,(-) is monotonically
increasing on R, see Lebedev (1965, p. 136). Expressions for I,(z) in terms of
elementary functions are available whenever v is a half-integer (which corresponds
to k being an odd integer). For example, I_;/(z) = (2/7) /2 (exp(x) + exp(—x))/2
(which arises when k = 1) and I 5(z) = (2/7)"/?(exp(x) — exp(—=)) /2 (which arises
when k = 3).

4. Both GAUSS and Matlab have built-in functions for computing the modified
Bessel function of the first kind. These functions are extremely fast. Hence, the
density fo,.q,(q1,qr; B, ) can be computed very quickly.

5. Independence of S; and Q7 under Hy can be established directly using the
spherical symmetry of the distribution of Sy. Or, it can be established using (i) the
bounded completeness of @ for A pointed out in Comment 4 to Theorem 2, (ii) the
fact that the distribution of Sy does not depend on A by part (e) of the lemma, and
(iii) Basu’s Theorem (e.g., see Lehmann (1986, p. 191)).

Equations (2.15), (2.22), and (2.23) and Lemma 3 combine to give the following
result.

10



Corollary 1 The optimal WAP test statistic for weight function W is

LRw (qu,qr) = | fovor (@, gr; B, A)dW (B, \) _ Ywla,ar)
’ I far(ars B, VAW (B, N) fq,jar (@]ar; Bo, ) Yo (ar)

where

Yw (a1, ar) = / exp(=A(c} + 43)/2) A§5(0)) "5 L (/2¢5(a) ) AW (B, ),

Uwlar) = [ exp (A/2) (bar) * 7 1 ((adBar) aw(s, ),

the integrals are over (B8, \) € R x R*, and cg, dg, and £5(q) are defined in (2.7) and
Lemma 3(a).

Comment: Note that 1y, (q1, gr) does not equal [ fo, o, (q1,q7; 8, A\)dW (3, A) and
likewise with 15 yy,(gr). This is because numerous cancellations occur in the second
expression in the first line of the Corollary 1, including the constants K- K, (because
K, = K2K3Ky) and the terms that depend on ¢ in the denominator.

Because 15 yy,(qr) does not depend on g1, it can be absorbed into the conditional
critical value given Q7 = gp. Thus, the test based on LRy (q1,qr) is equivalent to a
test based on vy (q1, gr). Because v¥y;,(q1, gr) is simpler than LRy (¢1,qr), we focus
on the test statistic ¥y (q1, q7).

Computation of the integrand of 1y, (g1, ¢r) in Corollary 1 is easy and extremely
fast using GAUSS or Matlab functions for computing the modified Bessel function of
the first kind. Hence, calculation of the test statistic 1y (Q1, @r) is very fast unless
the weight function W is ill-behaved. Of course, ill-behaved weight functions can be
avoided because the user selects the weight function.

The test that maximizes WAP among invariant similar tests with significance
level a rejects Hy if

Yy (Q1, Qr) > Ka(Qr), (2.26)
where ko (Q7) is defined such that the test is similar. That is, ko (gr) is defined by
P, (Vw (Q1,91) > Ka(qr)|Qr = gr) = a, (2.27)

where Pg (/@7 = qr) denotes conditional probability given Q7 = qr under the null,
which can be calculated using the density in Lemma 3(c). Note that k,(-) does not
depend on €2, Z, X, or the sample size n.

By Lemma 3(d)-(f), under Hy, (i) Qs, S2 = Qsr/(||S]] - ||T]]), and Qr are inde-
pendent, (i) Qs ~ X3, and (iii) Sy has density fs,. The null distribution of (Qg, S2)
can be simulated by simulating S ~ N (0, I;) and taking (Qg, S2) = (5'S, S’ a/||S]])
for « = (1,0, ...,0)" € R*. Hence, the null distribution of Q1 = (5’S, S'T) conditional
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on Qr = qr can be simulated easily and quickly by simulating S ~ N(0,I) and
taking Q1 = (9'S, S'a - q7) for a = (1,0, ...,0) € RF.

The critical value k,(Q7) can be approximated by simulating R iid random vec-
tors S, ~ N(0,I) for r = 1,..., R, where R is large (at least 1,000), computing
Q1(r) = (S.Sp, Slac- Qp) for r = 1,..., R, and taking ko(Q7) to be the 1 — a sam-
ple quantile of {¢y, (Q1(r),Qr) : r = 1,..., R}. The p-value for the test based on
Yw (Q1,Qr) can be approximated by the fraction of values in {¢y,(Q1(r), Qr) : r =
1, ..., R} that exceed ¢y, (Q1, @1 ), where (Q1, Qr) are the values based on the original
sample Y.

The following theorem summarizes the results of this section:

Theorem 3 The test that rejects Hy when ¥y, (Q1, Qr) > Kko(QT) mazimizes WAP
for the weight function W over all level o invariant similar tests.

Comment: The optimal WAP test statistic 1y, (Q1, Q1) depends on S’S, ST, and
T'T in general. In contrast, the AR statistic depends only on S’S and the KLM
statistic depends on S’T and T'T, but not on S’S. Hence, power improvements from
optimal WAP tests compared to these two tests can be attributed to optimal ex-
ploitation of information about 3 that is contained in all three statistics S’S, S'T,
and T'T.

Using the definition of I, (x) in (2.25), ¥y (¢1,¢r) can be written as

(ke ' 2 (Xs(qr,qr)/4)
Yw (o, qr) = 274797 / eXp(_MC%M%)/Q)jz;jlr((kﬁ_ 2+ BN

& [exp(=A(cE +d3)/2)(Mes(ar, qr)/4) AW (B, N)

_ o (k=22 . .
; JT((k—2)/2+j+1)

(2.28)

The integrand in the first line of (2.28) is increasing in z(q1,qr) because
§5(q1,q7) = 0. In consequence, for a fixed value of 8, say 8% (# ), the test that
rejects Ho when g (Q1, Q) is large maximizes weighted average power for all weight
functions over A values. That is, the optimal test for fixed alternative S* rejects Hy
when

£5+(Q1, Q1) > Kpr (@), Where
Psy(£3+(Q1,qr) > kg olqr)|Qr = qr) = o (2.29)

for all g7. This test is a one-sided test because it directs power at a single point 5*
that is either greater than or less than the null value j,,.

Corollary 2 The level o test based on g+ (Q1, Qr) is the uniformly most powerful
test among invariant similar tests against the alternative distributions indexed by

{(B*,X) : A> 0}
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Comments: 1. The test based on {z(Q1, @) is equivalent to a test based on

Qs +2(dg=/cs+)Qsr = Qs + 2%@%
Qg+ 2(det(q)) 2= +5€°z°"61§ 5B (2.30)

where b* = (1, —*)" and wj;, denotes the (j, k) element of Q2. Hence, the test statistic
is a linear combination of Qg and Qgpr. When the null hypothesis specifies that
By = 0, the statistic in (2.30) reduces to

*
—1/2W11 — Brwiz

Qs + 2(det(€2)) a Qs (2.31)
B* = Bo
2. A test based on g (Q1, @) is equivalent to a test that rejects when
0S92/ Qs — k
(s = @s +052vQ > Fs.0(Qr), where

V2k + 62
§ = (2dg~ /cs+)/Qr and
Ps,((s > Fs,a(Qr)|Qr = qr) = o (2.32)

This formulation of the test is convenient because Qg, So, and Q1 are independent
under Hp by Lemma 3(f), which simplifies calculation of critical values.

3. The result of Corollary 2 is related to a result of Moreira (2001, Thm. 2(c) and
its proof) regarding the point optimal similar test against (8*,7*). The latter test is
the same as the point optimal similar test for any (3, 7) for which sign(3) =sign(5*)
and 7/(7'Z' Z7)Y? = 7* /(n¥ Z' Zn*)Y/2. Thus, if one specifies a given “direction”
of the 7 vector, then a one-sided (wrt /3) similar test is available that is UMP wrt
the “magnitudes” of 8 and 7. This test rejects when 7*'S is large if 8* > ;. On
the other hand, Corollary 2 shows that the one-sided (wrt () invariant similar test
depends on 8*, but not on m (or A).

4. The optimal one-sided test for §* local to S, with * > , and arbitrary
weight functions over A values is of the form reject Hy if

Qst > Ka(Qr) (2.33)

for some kq(+). Analogously, if 5* is local to 5y with 5* < 3y, then the optimal one-
sided test for arbitrary weight functions over A is of the form reject Hy if —Qgr >
Ko (QT) for some kq(+). (See the Appendix for the proof.)

5. The optimal one-sided test for 8* arbitrarily large and any weight function
over A values is of the form reject Ho if

Qs + 2(det(92)) V2(Bywaz — w12)Qst > Ka(Qr) (2.34)

for some kq(+), where w;; denotes the (i, j) element of 2. The same test is the optimal
one-sided test for 5* negative and arbitrarily large in absolute value for any weight
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functions over A. In consequence, the optimal two-sided test for |5* — (| arbitrarily
large and any weight function over A values is the test in (2.34).

For the common case where the null hypothesis specifies that 3y = 0, the optimal
test for |3* — Byl large rejects Hy if

Qs —2—7" 77 Qs > Ka(Qr), (2.35)

(1—=p?)

where p is the correlation between the errors v; and vy in (2.4), i.e., p = wia/(w11w22)
(See the Appendix for the proof.)

1/2.

2.6 Two-Sided Tests

In this section, we discuss tests designed for the two-sided alternative hypothesis
H; : B8 # By. As described in the following three subsections, there are several ways
to obtain tests that possess optimality properties for two-sided alternatives.

2.6.1 Symmetric Alternative WAP Tests

The first method is simply to use an invariant similar test that maximizes WAP
for a weight function W that places weight on 3 values that are both larger and
smaller than the value (3, specified under the null hypothesis. In particular, one can
specify a weight function that depends on /3 only through |5 — 3,|. We call such tests
optimal WAP tests for symmetric alternatives.

2.6.2 Symmetric Invariant WAP Tests

A second approach to designing tests for two-sided alternatives is to introduce an
additional “sign” invariance condition that rules out tests whose power is primarily
one-sided. Then, one can determine the test that maximizes WAP among similar
tests that are invariant with respect to the conditions introduced in Section 2.3 and
the sign condition. In particular, we consider invariance under the transformation

(S :T) — [Ssegn(S'T) : TY. (2.36)

The maximal invariant under this condition (plus the invariance condition of Section
2.3) is

(8'S,|S'T|, T'T) = (Qs, |Qs7], Q7). (2.37)

The AR, KLLM, and conditional LR test statistics all depend on the data only through
this maximal invariant and, hence, satisfy the sign invariance condition (2.36).

The density of the maximal invariant (Qg, |Qsr|, @7) at (¢s,gst,qr) for gs7 >0
is given by

1 1
3fa1er (gs.qsT>971) + sfanar (gs, — gsT,qr), (2.38)
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where Lemma 3 provides an expression for fg, o, (¢s.gs7,qr). Hence, following the
same argument as in Section 2.5, one obtains the optimal WAP test statistic:

ivlanar) = 5 [ (=N + B)/20¢(0) * Vs (\el0) aw (s,

+5 [ exp(=NE + d)/2)030) D s (A5 (@) aW (5,0,

N =

where
&5(q) = chas — 2cpdpgs + diar. (2.39)

We refer to 7y,(q1,qr) as a symmetric invariant test statistic. A symmetric
invariant test rejects the null hypothesis Hy : 8 = 3, when

Vi (Q1, Qr) > Ky (Qr), (2.40)
where k7% (Qr) is chosen such that
P, (i (Qu, q7) > k5 (q1)|Qr = 1) = . (2.41)

Note that ¢y (q1,¢r) is not the same as what one gets from a “symmetric al-
ternatives” weight function because dg takes the same value in each summand of
iy (q1, qr), but does not if a “symmetric alternatives” weight function is employed.

A drawback of symmetric invariant tests is that the sign invariance condition is
not as natural an invariance condition as the condition of Section 2.3. Hence, it may
be restrictive to limit attention only to tests that satisfy sign invariance.

2.6.3 Optimal Locally-Unbiased Invariant Similar Tests for WAP

A third approach to constructing tests designed for two-sided alternatives is to
impose an unbiasedness or a local (to the null) unbiasedness condition. This approach
has a long tradition in the statistics literature and is a standard way to derive optimal
tests for two-sided alternatives. In exponential families, UMP two-sided tests exist
among the class of unbiased tests, see Lehmann (1986, Thm. 4.3, p. 147). This
is not the case in the curved exponential family testing problem considered here.
Nevertheless, one can develop optimal WAP tests among the class of locally unbiased
invariant tests.

We start by determining two necessary conditions for an invariant test (under the
invariance condition of Section 2.3) to be unbiased. The first condition is similarity
and the second condition is local unbiasedness. Local unbiasedness requires that the
power function has zero derivative at the null hypothesis. Otherwise, the power
function would dip below the size of the test for some alternatives close to the null.
We show that the AR, KLM, and conditional LR tests are locally unbiased.

Next, we determine the test that maximizes WAP, as defined in (2.14), following
the same argument as in Section 2.5, but using the generalized Neyman-Pearson
Lemma (see Lehmann (1986, Thm. 3.5, pp. 96-7)) in place of the Neyman-Pearson
Lemma. The form of the optimal WAP test statistic is the same as in Section 2.5,
only the critical value function differs.
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Theorem 4 An invariant test ¢(Q) is unbiased with significance level o only if
Eg, (0(Q)|QT = qr) = a and Eg (¢(Q)Qsr|QT = qr) = 0 for almost all gr.

Comments. 1. The first condition establishes that all invariant unbiased tests must
be similar. The second establishes that the power function must have zero derivative
under Hy. The second condition is the local unbiasedness condition.

2. The two conditions in Theorem 4 are closely related to the conditions used
for two-sided alternatives in the classical hypothesis testing theory for exponential
families, see Lehmann (1986, Ch. 4).

3. The second condition of Theorem 4 is equivalent to

B, A(6(Q)Qsr/QY?) = 0 for all A > 0.9 (2.42)

That is, any unbiased invariant test statistic ¢(Q) must be uncorrelated with the
pivotal statistic Qgsr/ QIT/ ? under Hy. This condition is a special case of a result of
Moreira (2003b, Lemma 1) that establishes that any unbiased test ¢(S,T") must be
uncorrelated with the pivotal statistic S under Hg.

The AR, KLM, and conditional LR test statistics depend on the data through
(Qs, Q%T, Q7). The following result shows that these tests satisfy the second condi-
tion of Theorem 4.

Corollary 3 Any similar level o test that depends on the observations through
(Qs, Q%T, Qr) satisfies the local unbiasedness condition of Theorem 4.

The next result uses local unbiasedness to specify an optimal WAP test for two-
sided alternatives.

Theorem 5 The test that mazimizes WAP among locally-unbiased invariant similar
tests with significance level o rejects Hy if

U (Q1, QT) > K1a(Q1) + Qs7R20(QT),

where K10(QT) and Koo (QT) are chosen such that the two conditions in Theorem 4
hold.

Comment. Point optimal locally-unbiased invariant similar tests are obtained by
taking the weight function W to give point mass at a given alternative parameter
(B, A) of interest.

2.7 Point Optimal Invariant Non-similar Tests

Non-similar tests have null rejection probability below the significance level for
some values of the nuisance parameter, in this case, A. Due to the continuity of
the power function, for such values of X, the power of a non-similar test will be less
than the power of a similar test for alternatives close enough to the null hypothesis.
However, for other values of A\, or for more distant alternatives, non-similar tests
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can have greater power than similar tests. For this reason, we also consider optimal
invariant non-similar tests of 5 = /3, against a point alternative.

Our construction of POI non-similar tests follows Lehmann (1997, Sec. 3.8).
Consider the composite null hypothesis

Hy: (B,\) € {(Bg,A) : 0 < X < oo}, (2.43)
and the point alternative
Hy:(B,A) = (8", \"). (2.44)

Let A be a probability distribution over {A: 0 < A < co} and let hp be the weighted
pdf,

hala) = / Foron (an,ari BN dA (N, (2.45)

where fo, o, (q1,97; 3, A) is given in Lemma 3(a). The effect of weighting by A under
the null is to turn the composite null into a point null, so that the most powerful test
can be obtained using the Neyman-Pearson Lemma. Specifically, let ¢, be the most
powerful test of hy against fo, g, (q1,97;5,A), so that ¢, rejects the null when

NPA (q) _ le;QT}Eil(an)T; 67 )‘) > dA,om (246)

where dj  is the critical value of the test, chosen so that NP (¢) rejects the null
with probability a under the distribution hy.
If the test ¢, has size « for the null hypothesis Hy in (2.43), i.e.,

sup P (NPy(Q) > dpa) = a, (2.47)
(B,\)Ew

then the test ¢, is most powerful for testing Hy against Hj, and the distribution A
is least favorable; cf. Lehmann (1986, Sec. 3.8, Thm. 7, and Cor. 5).

Given a distribution A, condition (2.47) is easily checked numerically. What
proves more computationally difficult, however, is finding the distribution that sat-
isfies (2.47). In the numerical work we consider distributions A that put point mass
on Ag. In this case, we have

_ Jarer (q1,q7; 8%, \")
far,or (a1, 913 Bos Mo)

(X (4 d2)/2) (Ve ) I (Ve )
exp(-Mod3 /2) (1Mo, (@) Lo (y/ 2ot ()

NP,

. (2.48)

where v = (k — 2)/2; the second expression follows from Lemma 3(a).
Let R(5y, Ao, 5%, A*|5, ) be the rejection rate of the test based on the statistic
given by (2.48) when the true values are 5 and A. The numerical problem is to find
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the value of \g such that the test has size a. Denote this value of A9 by Aj%'; then
M solves

R(Bo, MNF, B, M*[Bo, NoF) = @ and

sup R(BOvAéFvﬁ*aA*‘1807A) S Q. (249)
0<A<0

If there is a AT (By, 8%, \*) that satisfies (2.49), then the test based on NPycr
is the POI non-similar test. The power envelope for invariant non-similar tests is

R(ﬁo; AgF (5075*7 A*) 75*7 A*‘5*7 A*)

3 Simulation Results I: Normal Model with Known

Covariance Matrix

This section reports numerical results for the one-sided tests developed in Section
2. We first compare the power envelope for invariant similar tests with the power
envelope for invariant tests that are not necessarily similar. As will be discussed in
more detail, these power envelopes are essentially numerically identical. We therefore
focus on similar tests, which are more computationally tractable than non-similar
tests, and on the performance of point-optimal invariant (POI) similar tests. None
of the POI tests have good overall power properties. In particular, their power can
decrease as the difference between the true value of 5 and the hypothesized value f3,
increases. We therefore turn to WAP tests and report preliminary results for specific
WAP tests which have power functions that come quite close to the power envelope.

Because the distributions of ) do not depend on the sample size, which is ac-
counted for in A, the finite-sample power functions are reported as a function of A,
but not of the sample size. In addition, the covariance matrix €2 is consistently es-
timated even under weak instrument asymptotics. Taken together, these two facts
imply that the finite-sample power functions are also the power functions under weak-
instrument asymptotics.

The power envelope for the invariant similar tests was computed using Gauss-
Legendre quadrature integration of the conditional distribution of (5 in (2.32); all
other power functions and power envelopes were computed by Monte Carlo simulation
using 10,000 draws. Conditional critical value functions also are computed using
10,000 draws. The solution of the condition in (2.49) for the point optimal non-
similar test was simplified because, for nearly all values of (8%, A*), the rejection rate
turns out to be monotone in Ag; once a candidate value of A\5¥" was ascertained, the
condition in (2.49) is verified for a grid of values for A.

Throughout, we focus on tests with significance level 5% and on the case 5, =
0. The remaining parameters characterizing the distribution of the tests are A, k,
p = corr(vy,v2), and the alternative, 5. To facilitate comparison of the results across
cases, we adopt two transformations of these parameters. Specifically, we consider \/k
rather than A, as it is a more natural measure of the strength of the instruments, and
in addition the power functions are plotted as a function of the rescaled alternative
(A/k)Y% (B = B,) = B. The full set of numerical results have been computed for A/k
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=0.5,1,2,4,8,16, which span the range from very weak instruments to quite strong
instruments, and for p = 0.95,0.50,0.20, —0.50. To conserve space, we report only a
subset of these results here and consider the case k = 5.

Figure 1 presents the power envelopes for the invariant similar tests (solid line)
and for the invariant non-similar tests (dashed line). The power envelopes are re-
ported both for negative and positive alternative values of 3. Note, however, that
the tests (and envelopes) themselves are for one-sided tests. There are three note-
worthy features of these results:

1. The power envelopes for the similar and non-similar tests are essentially the
same up to numerical accuracy, for all values of A and p. The reason for this is twofold.
On the one hand, the conditional critical values for the POI similar test depend on
qr only weakly in the range of ¢ that is most likely to occur under the alternative;
thus these conditional tests are nearly unconditional. On the other hand, the optimal
non-similar tests have rejection rates that are nearly equal to 5%. Thus, these non-
similar tests are nearly similar. Because the optimal non-similar test is nearly similar
and the optimal similar test is nearly unconditional, the two tests are virtually the
same. The similar tests are more numerically tractable than the non-similar tests, so
we focus our attention on the former below.

2. The power functions are neither symmetric nor strongly asymmetric, which
suggests that two-sided tests based on equally-weighted symmetric alternatives could
perform well.

3. There is a curious blip in some power envelopes. This blip occurs at the value
of the alternative for which 5 = 1/p. The special role of this value is most easily seen
by considering the POI similar test based on (s in (2.32). Straightforward algebra
reveals that § = 1/p is the value of the alternative at which d in (2.32) changes sign.
For values of 8 < 1/p, large positive values of Sy lead to rejection; however, for values
of B > 1/p, large negative values of Sy lead to rejection. When = 1/p, the point
optimal test does not depend on Sy and only depends on (Jg. The blip is therefore
associated with this qualitative change in the nature of the conditional POI test.

One approach to testing in the absence of a UMP test is to consider POI tests that
have power functions tangent to the power envelope at a certain value, for example
at 50% or 70% power. If those power functions remain sufficiently close to the power
envelope against alternatives other than that for which the test is point optimal, then
that particular POI test provides a good practical choice; cf. King (1988). Here, two
issues arise: the choice of A* and the choice of the alternative 8. To see whether
this approach has potential, in Figure 2 we plot the power functions of various POI
tests along with the invariant similar power envelope. The individual power functions
plotted in Figure 2 are for the locally optimal test given by (2.33), the most distant
optimal test given by (2.34), and for several tests with intermediate points of tangency,
chosen to be optimal against the rescaled alternatives B = 0.5,1.0,1.5 (which have
power curves tangent to the envelope at powers of approximately 0.3, 0.5, and 0.7).
The results in Figure 2 show that the power functions for the POI tests are generally
not monotonic. For example, for p = 0.5 and A\/k = 1, the power of the locally
optimal test and the POI test against B = 0.5 initially increase and then decline
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for 5 > 1/p, while the opposite is true for the most-distant POI test. Thus, our
simulations suggest that no single POI test provides uniformly good performance.
The previous results encourage looking for a conditional WAP test that has a
power function uniformly close to the invariant similar power envelope. Figure 3
presents preliminary results for two trial WAP tests. Both weight functions place
unit weight on A\*/k = 1. For the first WAP test (labeled LRW-P in Figure 3),
the weight function is approximately proportional to 27%. For the second (labeled
LRy — @ in Figure 3), the weight function is the chi-squared density (as a function
of ), evaluated on a log scale for 3, where the degrees of freedom are chosen by
numerical optimization as a function of p. For p > 0, both WAP tests have power
functions that are uniformly close to the power envelopes, and when A\/k is large
and/or p is small, the power functions are essentially on the power envelope. For
p = —0.5, the LRy — @ test has a power function close to the power envelope, but
the LRy, — P test has a non-monotonic power function for distant alternatives.
While preliminary, the results in Figure 3 suggest that WAP tests may provide a
feasible way to achieve near-UMP performance in the one-sided testing problem.

4 Model with Non-normal Errors and Unknown
Covariance Matrix

In this section, we consider the same model and hypotheses as in Section 2,
but with unknown error covariance matrix, (possibly) non-normal, heteroskedastic,
and/or autorcorrelated errors, and (possibly) random IVs and/or exogenous variables.
The latter allows for lagged dependent and endogenous variables as regressors or [Vs.

We use weak IV asymptotics, as in Staiger and Stock (1997), to analyze the prop-
erties of the procedures considered. We consider three versions of the finite sample
tests introduced in Section 2. The first version is suitable for the case of uncorre-
lated errors that exhibit contemporaneous homoskedasticity. By this we mean that
E(V;V!|Z;, X;) is a constant matrix that does not depend on 4, where V; denotes the
reduced-form error vector for the i-th observation (i.e., V; is the i-th row of V' writ-
ten as a column 2-vector). In a time series setting this still allows for the errors to
exhibit temporal conditional heteroskedasticity with respect to lagged values of the er-
rors, IVs, and exogenous variables (i.e., E(V;V/|Z;_1,Xi-1,Vi1, Zi—2, X2, Vi_2,...)
may be random).

The second version of the tests that are introduced here is designed for uncorre-
lated errors that may exhibit contemporaneous heteroskedasticity (i.e., E(V;V/|Z;, X;)
may be random or depend on 7). This version adjusts the statistics (S,7T) to obtain
robustness to heteroskedasticity. Note that most procedures in the literature, includ-
ing the AR, KLM, conditional LR, and Staiger and Stock (1997) procedures, are not
robust to heteroskedasticity.

The third version of the tests is designed to be robust to both contemporaneous
heteroskedasticity and autocorrelation in the reduced-form errors.

For clarity of the asymptotics results, throughout this section we write S, T', @1,
Q1, Qs, S2, and X of Section 2, as Sy, T, Q1,n, @T,ny @5m, S2.n, and Ay, respectively,
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where n is the sample size. All limits are taken as n — oo.
Let Z =[Z: X]. Let Y, Z;, Xi, Zi, and V; denote the i-th rows of Y, Z, X, Z,
and V, respectively, written as column vectors of dimensions 2, k, p, k + p, and 2.

4.1 Assumptions

We use the following high-level assumptions concerning the IVs, exogenous vari-
ables, and errors. The assumptions are quite similar to those of Staiger and Stock
(1997), but they allow for the possibility of heteroskedastic and autocorrelated er-
rors because the form of the asymptotic variance matrix ¢ in Assumption 4 is not
restricted.

Assumption 1. 7 = C'/n'/2 for some non-stochastic k-vector C.

Assumption 2. n=1Z'Z —p D for some pd (k +p) x (k+ p) matrix D.
Assumption 3. n V'V —p €2 for some pd 2 x 2 matrix 2.

Assumption 4. n=2vec(Z'V)—4N (0, ®) for some pd 2(k+ p)x2(k + p) matrix .

In Assumption 4, vec(:) denotes the column by column vec operator.

The quantities C, D, 2, and ® are assumed to be unknown.

Assumption 1 is the weak IV assumption. Assumptions 2 and 3 hold under
suitable conditions by a weak law of large numbers (WLLN), see below. Assumption
4 holds under suitable conditions by a central limit theorem (CLT). Assumptions 1-4
are consistent with non-normal, heteroskedastic, autocorrelated errors and IVs and
regressors that may be random or non-random.

For example, Assumptions 2-4 are implied by any one of the following assumptions:
Assumption IID. {(V;, Z;) : i > 1} are iid, E(V; ® Z;) = 0, E||Vi||* + E||Z:||? +
E||Vi® Zi||? < 00, Q= EV;V/ is pd, and ® = BE(V; ® Z;)(V; ® Z;)" is pd.
Assumption INID. {(V;, Z;) : i > 1} are independent, E(V; ® Z;) = 0 for all i > 1,
supss (E||Vil 20+ E|[Z,] |20+ E||V; 9 Z,][*%) < o0 for some 6 > 0,01 Y1 EV;V/
— Q for some pd 2 x 2 matrix €, and n~! YL EW; ® Z)(V; ® Z;)' — @ for some
pd 2(k + p) x 2(k + p) matrix ®.

Assumption MDS. {(V; ®Z;,F;) i > 1} is a martingale difference sequence, where
Fi=0Vi, Zi,Vii1,Zi-1,...), {(Vi, Z;) : i > 1} is a stationary and ergodic sequence,
E\Vi|>+E||Zi|*+E||Vi® Zi||* < 00, 2 = EV;V] is pd, and ® = E(V;®Z;)(V;® Z;)'
is pd.

Assumption CORR. {(V;,Z;) : i ,0,1,...} is a doubly infinite stationary
and ergodic sequence with E(V; ® Z ) = O E|Vi|* + E||Zi|? +EHV ® Zi||> < oo,
S X (B E(V;@Zi|Fi j)|[))? < oo, where Fiy = 0(V;, Zi, Vi 1, Zi 1,-..), 2 = EVZV’
ispd,and @ =55 _E(V;® Zl)(V;’_j Z?j) is pd.

The random vectors {V; ® Zii> 1} are uncorrelated under Assumption 11D,
INID, or MDS, but are (possibly) correlated under Assumption CORR.

If the errors are contemporaneously homoskedastic and {V; ® Zi i > 1} are
uncorrelated, the following key assumption holds. Under this assumption (and As-
sumptions 1-4), the tests described in Section 2.5 but with €2 replaced by a consistent
estimator ﬁn have asymptotic significance level «, as desired.

]_700
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Assumption 5. ® = Q ® D, where ® is defined in Assumption 4.

In Section 4.2 below, we impose Assumption 5, but in Sections 4.3 and 4.4, we do
not. Assumption 5 is implied by any one of Assumptions IID, INID, and MDS plus
the following.
Assumption HOM. E((ViV}) ® (ZiZ;)) = Q® D for all i > 1.
By iterated expectations, a sufficient condition for Assumption HOM is E(V;V/|Z;) =
EV,V! =Q a.s. for all i > 1.

Note that Assumptions MDS and CORR allow for intertemporal conditional het-
eroskedasticity even when Assumption HOM holds.

Lemma 4 (a) Any one of Assumptions 1ID, INID, MDS, and CORR implies As-
sumptions 2-4.

(b) Any one of Assumptions 11D, INID, and MDS plus Assumption HOM imply
Assumption 5.

The asymptotic results stated below hold for any true parameter values 3, C,
v, &, and €0, provided €2 is positive definite. Hence, we do not need to be specific
regarding the parameter space. Of course, for the testing problem to be well defined,
the parameter space should include the null value 3, and at least one other value of
(. In addition, for tests to exist that have non-trivial power, it is necessary for the
parameter space to include at least one non-zero vector C.

We estimate 2 (€ R?*?) (defined in Assumption 3) via

Qn, =n" WV, where V=Y — P;Y — PxY." (4.1)

Let YA/Z denote the i-th row of V written as a column 2-vector.
Under Assumptions 2-4, the variance estimator is consistent.

Lemma 5 Under Assumptions 2-4, Qn —p (L

Comment. The convergence in the Lemma occurs uniformly over all true parameters
B8, C, v, and & no matter what the parameter space is. This can be seen by inspection
of the proof of the Lemma.

4.2 Homoskedastic Uncorrelated Errors

We now introduce tests that are suitable for (possibly) non-normal, homoskedas-
tic, uncorrelated errors and unknown covariance matrix. That is, the tests are suitable
when Assumptions 1-5 hold.

We define analogues of Sy, T},, Q1,n, and @1, that replace the unknown matrix

Q with ﬁn:

Sn = (2'2) 22V bg - (bynbo) 2,
Tn = (2 2)V22'YQ rag - (ah tag) 2,
~ ~ o~~~ N\ ~ ~, o~
Quo = (8180 8,10) , and Qr = T, (42)
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A homoskedastic optimal WAP test, referred to as an HOM-WAP test, rejects the
null hypothesis Hy : 5 = 3, when

¢W(@1,n; @T,n) > Ha(@T,n); (43)

where 1y (-, ) is defined in Corollary 1 and kq(-) is defined in (2.27) (and can be
calculated by simulation using the method described there).

Next, we establish the asymptotic distributions of :S’\n and fn. Let Sy and T be
independent random k-vectors with

Seo ~ N(cgL?C, I};) and T, ~ N(dgL'/*C, I},), where
L = Dyj — D1aDy3 Doy,

D11 Dy kxk ,
D= _and Dig € R¥F for j,0=1,2. 4.4
[ Dy Doy } it J (4.4)

The matrix L is the probability limit of n='Z’Z. Under Hy, S has mean zero, but
T does not.

The following result holds under the null hypothesis and fixed (i.e., non-local)
alternative hypotheses.

Lemma 6 Under Assumptions 1-5,
(a) (‘S\Tb’z:n) _)d (SOO')TOO)’

(b) (STL7TTL) - (Sn,Tn) —>p 0, (md
(C) (S’na TTL) —d (Soo, TOO)

Comment. Inspection of the proof of the Lemma shows that the results of the
Lemma hold uniformly over compact sets of true 8 and C values and over arbitrary
sets of true v and & values. In particular, the results hold uniformly over vectors C
that include the zero vector. Hence, the asymptotic results hold uniformly over cases
in which the I'Vs are arbitrarily weak. In consequence, we expect the asymptotic test
procedures developed here to perform well in terms of size even for very weak IVs.
Note that it is precisely these cases in which the ¢, Wald, LR, and Lagrange multiplier
tests based on standard asymptotics perform poorly in terms of size.

Using Lemma 6, we establish the asymptotic distributions of the {¢y; (Ql,nv @Tn) :
n > 1} test statistics and {ka(Qr) : m > 1} critical values. Let

Ql,oo = (SéosomS{)oToo)/a QT,oo = TéoTom
Q8,00 = SooSo0; S2,00 = SeoToo/([[Sol| - [|Tocl]), and
Ao = C'LC. (4.5)

Lemma 7 The density, conditional density, and independence results of Lemma 3

fO’/’ (Ql,n;QT,n)a QT,TL’ QS,na and 82,77, also hold fO’I“ (Ql,oo; QT,00)7 QT,oo-; QS,OO; and
82,00 With Ay replaced by M.

Comment. Lemma 7 holds by (4.4) and the proof of Lemma 3.

As above, the following results hold under the null and fixed alternatives.
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Theorem 6 Under Assumptions 1-5,

(2) (rw (Quins Q) (@) —a (Y (@10, Qo) K (Qr0)),

(b) (Y (@ Qs Fa(Qrn)) = (Y (@1 Qrin)s Ko Q) —p 0, and
(©) (Yw (Qins QTn)s Ka(QTn)) —d (Vi (Q1,00, QT 00), Ka(QT,00))-

Theorem 6 leads to the following results.

Corollary 4 Under Assump\tians 1-5,

(a) 1(¢W(Q1,m QT,n) > Hoc(QT,n)) - 1(¢W(Q1,m QT,n) > ’Qa(QT,n)) —p 07
(b) P(¢W(91,H7QT,H) > Ka(QT,n)) - P(ww(Ql,om QT,oo) > HQ(QT,OO))7

(C) P(¢W(Q1,H7QT,H) > Koc(QT,n)) - P(¢W(Q1,OO>QT,00) > Hoc(QT,oo))a and
(d) under the null hypothesis, P({y (Q1,00, QT 00) > Ka(QT,00)) = v

Comments. 1. Corollary 4(a) shows that the critical regions of the tests with
known and unknown error covariance matrix differ with probability that converges
to zero as n — oo. Hence, estimation of the error covariance matrix has no effect
asymptotically.

2. Corollary 4(b) and (c) provide the asymptotic power functions of the tests
based on known and unknown error covariance matrix. Consistent with the result of
Corollary 4(a) , the asymptotic power functions are the same. The asymptotic power
function depends only on 3, C, and L. It can be written as:

Pow (8,0, L) = Pty (Quoe, Qrine) > o Qr0)) (4.6)
- / 1w (a1, 0r) > Kalar)) faror (@1, ar; B, C, L)dadgr,

where fg, 0, (q1,97;8,C, L) is the density given in Lemma 3(a) with A = C'LC.

3. Combining Corollary 4(b) and (c) with Corollary 4(d) implies that the tests
based on Yy (Q1,n, QT,n) and W,DW(CA)L,I,@T,,I) both have asymptotic null rejection
rates of «, as desired.

The finite sample optimality properties of the test based on (¢y (Q1n, QTn),
ka(®@1n)), see Theorem 3, lead to the following asymptotic WAP optimality results.

Corollary 5 Suppose Assumptions 1 and 2 hold and the reduced-form errors {V; :
i > 1} are iid normal, independent of {Z; : i > 1}, with mean zero and pd variance
matriz . Let {¢,, : n > 1} be a sequence of level « invariant similar tests for known
Q2. Then, the level o invariant similar tests based on {(Vy (Q1n, Qrn), ka(@Tn)) :
n > 1} have asymptotic power that satisfies

limy, oo / P (¢, rejects Ho)dW (3, X)

< lim /Pg),\('%bw(@l,n’QT,n) > KO&(QT,n))dW(ﬁ’A)

n—oo

= [ Par Qi Qi) > Qe AV (5, ),

where P (+) denotes probability when the true parameters are 3 and 7 for arbitrary
7 such that ©'Z'Zm = \.
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Comment. The Corollary shows that the asymptotic power of the sequence of
optimal WAP tests for known {2 exceeds that of any sequence of level a invariant
similar tests. Furthermore, the same inequality holds for the asymptotic power of
the sequence of HOM-WAP tests (by Corollary 4(c)), which provides an asymptotic
optimality result for these tests. This asymptotic optimality result has the disadvan-
tage that these tests are not similar for each n, but are only asymptotically similar.
But, it has the advantage that it applies to tests that do not require knowledge of
), which is rarely known in practice. For a stronger asymptotic optimality result for
HOM-WAP tests, see Section 5.

4.3 Heteroskedasticity-Robust Tests

We now introduce alternatives to the statistics (S’\n,fn) that are adjusted to
achieve robustness to heteroskedasticity. Define

Sn = g2 *n Y2 Z'Y by and (4.7)
T, = 5712 ( n 22"y O ag — Spgad 1/25n) , where

)

~ ~ I LIRS . !
n”! Z (Vi002:)(VinoZi) s Srsn =t 3 (Vi a0 ) (Vi Zi)
i=1 =1

- - - U ~ ~ o /
ET,n = E*Tm — ETS,nEE,LZ,T'S,TL’ Z?,n =n! Z (V;/Q;laozi)(v;!{zglaozi) ,
=1

ZS,n

and O, and V; are defined in (4.1).3

The statistic S is based on n~Y22'Y by, just as S is, but is normalized by ES 1/2,
which is a consistent estimator of the square root of the asymptotic variance matrix
of n=1/27' Ybo even in the presence of heteroskedasticity. The statlstlc T, is based on

n122'vQ; —Lag, as T, is, but is adjusted by subtracting off ZTS” / S, to achieve

zero asymptotic covariance with Sn even in the presence of heteroskedastlclty and
is normalized by E;lnﬂ to achieve identity asymptotic covariance matrix even in the

presence of heteroskedasticity. In the case of homoskedasticity, ENJTsm —p 0 and the

ZT,S’n / Sn adjustment has no effect asymptotically.
A heteroskedastlclty robust optimal WAP test, referred to as an HR-WAP test,
rejects Hy : 8 = 3y when

Y (Qun, Qrin) > Ka(Qr.n), where
Qin = (5,50, SiT), Qr =TTy, (4.8)
and kq(+) is defined in (2.27) (and can be calculated by the method following (2.27)).
We now analyze the asymptotic properties of HR-WAP tests. Define
ZS = MB®B'M’, ZTS = MA®B' M, ET = MADA'M', and
Sp o= 3k ZTSE ETS, where (4.9)
M = [Ir : =D12Dy3' |, B = (b) @ Ijip), and A = (2 ap)’ @ Ljpp.
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The estimators f]g,n, iTS,n’ and f]T,n converge in probability to f]g, iTs, and
f]T, respectively, when Assumptions 1-4 and the following assumptions hold.
Assumption 6. n 1" (V;® Z;)(V; ® Z;) —, ®.

Assumption 7. n~' 370 (|[Zi|* +1[Z:|PlIVil]) = Op(1).

Any one of Assumptions IID, INID, or MDS is sufficient for Assumption 6.

Assumption 7 holds under Assumption ITD or MDS plus the following assumption.
Assumption MOM. E|/Z;||* + E||Z;|]?||Vi|| < oo.

Assumption 7 holds under Assumption INID plus the following assumption.
Assumption MOM2. E||Z;||**° + E||Z;||>*°||Vi||**? < oo for some § > 0.

Let §oo and T, o be independent random k-vectors with

§oo ~ N(N_I/QLCa’bo,Ik) and

To ~ N (E 12 (Lca’srlao - iTSiglLCa’bO) ,Ik) . (4.10)

~ ~ o~ ~ o~ !/ ~ ~ o~
Let Q100 = (Sgosoo, sgoToo) and Q.o = T, Too.
The asymptotic properties of tests based on (§n, fn) are as follows.

Theorem 7 Under Assumptzons 1-4, 6, and 7,

( ) Zgn ZS, ETSn ZTS; and ET,n ET and

(b) Lemma 6(c), Theorem 6(c), and Corollary 4(c) and (d) hold with Sy, T, See,
Tso, Q1,00, and Q00 Teplaced by §n, fn, goo, foo, @1700, and QVT,OO, respectively.

Comments. 1. Part (b) of the Theorem shows that HR-WAP tests have the correct
significance level asymptotically whether or not the errors satisfy Assumption HOM.
It shows that estimation of ), ES, ETS, and ZT does not affect the asymptotic
distribution of {(ww(Ql n QTn) HQ(QT,n)) n > 1}. It also shows that if the errors
satisfy Assumption HOM, then the HR-WAP tests have the same asymptotic power
as HOM-WAP tests because (Sx,T60) and (S, 7o) have the same distribution in
this case.

2. Under the assumptions of Corollary 5, Assumption HOM holds and HR-
WAP tests have the same asymptotic power function as HOM-WAP tests. Hence,
Corollary 5 provides a weak asymptotic optimality result for HR-WAP tests. See
Section 5 below for a asymptotic optimality stronger result.

4.4 Heteroskedasticity and Autocorrelation Robust Tests

Tests that are robust to heteroskedasticity and autocorrelation in the reduced-
form errors {V; : i > 1} are obtained by using the tests introduced in the previous
subsection but with different estimators in place of ESn, ETSn, ZTn, and Zi} n-
These are the only changes that are needed. In place of these estimators, one uses
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estimators of ¥ g oo, 278,00, 27,00, and Zi}joo, respectively, that are consistent (at least
under the null hypothesis), where

_ [ Zsee T | _ ~1/2 - Vi/boZ;
Yoo = Srsee Vi —nh_)n;ovar n ; V0107, and

ST00 = S oo = 27,0055 00 27,00 (4.11)

Let

= =/
in _ [ ES,TL Ezs,n (412)

ZTS;” ET,n

be a consistent estimator of ¥, based on {(YA/i’ngZ(, XA/i’SAlglaOZ{)’ : 1 <n}. There are
many HAC estimators in the literature that can be used for this purpose, e.g., see
Newey and West (1987), Andrews (1991), and Andrews and Monahan (1992). For
brevity, we do not provide an explicit set of conditions under which one or more of
these HAC estimators is consistent.

Given the estimator %, the estimators iS,n; iT,S’,n’ f]T,n, and f]i}m are replaced

in (4.7) by Sgn, X18m, 270, and i;n, respectively, where
= =* = =l
ET;” = ET,n - ETS;”ES’,nZTS',n' (413)

Let Sy, Th, al,n’ and @T’n denote gn, fn, él,m and QVT,n, respectively, with these
changes. A heteroskedasticity and autocorrelation-robust optimal WAP test, referred
to as an HAR-WAP test, rejects Hy : 5 = 5y when

¢W(@1,n7@T,n) > Ko (@T,n)v (414)

where kq(+) is defined in (2.27).

The HAR-WAP test has correct asymptotic significance level under Assumptions
1-4 plus the additional conditions that are needed to obtain consistency of 3, for
Yo- Furthermore, the HAR-WAP test has the same asymptotic power function as
the HOM-WAP test when Assumptions 1-5 hold and the same asymptotic power
function as the HR-WAP test when Assumptions 1-4, 6, and 7 hold.

5 Asymptotic Optimality with IID Normal Errors
and Unknown Covariance Matrix

In this section, we show that the tests HOM-WAP, HR-WAP, and HAR-WAP
exhibit certain asymptotic WAP optimality properties when the errors are iid normal
with unknown covariance matrix.

For the asymptotic optimality results, we set up a sequence of models (or experi-
ments) with the parameters renormalized such that no parameter can be estimated
asymptotically without error, as is standard in the asymptotic efficiency literature,
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e.g., see van der Vaart (1998, Ch. 9). For the parameters § and C, no renormaliza-
tion is required given Assumption 1 because neither can be consistently estimated
in the weak IV asymptotic setup. For the parameters €2 and 7, renormalizations are
required. We take the true parameters €2 and 7 to satisfy

Q= Qo+ /n? and = ny + 9, /n'?, (5.1)

where 2y and 7, are taken to be known and the unknown parameters to be estimated
are the perturbation parameters 1, and ;. The matrices 2y and {2; are assumed to
be symmetric and pd.
The least squares estimator of 17 in the model of (2.5) is denoted 7j,, = (X’ X) "1 X'Y.
For any symmetric ¢ x ¢ matrix A, let vech(A) denote the ¢(£+1)/2-column vector
containing the column by column vectorization of the non-redundant elements of A.
The following basic finite sample and asymptotic results hold.

Lemma 8 Suppose Assumption 1 holds, the reduced-form errors {V; :i > 1} are iid
normal, independent of {Z; : i > 1}, with mean zero and pd variance matriz €2, and
Q and n are as in (5.1). Then,

(a) (n=122'Y, n'/2(@,, —ng), n'?(Q, — Qo)) are sufficient statistics for (8,C,Q,n;)
and ~

(b) (n=Y22'y, n1 2@, —ng), n*/*(Q —Q0)) —a (Nz, Nx, No), where Ny, Nx, and
Nq are independent k X 2, p X 2, and 2 X 2 normal random matrices, respectively,
with vec(Nz) ~ N(vec(LCa'),Qy ® L), vec(Nx) ~ N(vec(n;),Q @ Dyy), No is
symmetric, and vech(Ng) ~ N(Qi, E(( — EC)(¢ — E(Q)"), where { = vech(vovy),
vp € R?, and vy ~ N(0,€q), provided Assumption 2 also holds.

Comment. The results of the Lemma hold under the null hypothesis 8 = 3, and
fixed alternatives 8 # 3.

Given the result of part (a) of the Lemma, there is no loss in attainable power
by considering only tests that depend on the data through (n~Y22'Y, n/2(7),, — 1),
n'/2(Q, — Q). Let ¢, (n=Y22'Y, nV2(@,, — ng), n'/2(Q, — Q)) be such a test. The
test ¢,, is {0, 1}-valued and rejects the null hypothesis when ¢,, = 1. We consider a
sequence of tests {¢,, : » > 1} and say that {¢,, : n > 1} is a convergent sequence of
tests if

¢n(n_1/2Z,Y7n1/2(ﬁn - 770)7n1/2(§n - QO)) —d d)(NZ’ NX? NQ) (52)

for some function ¢(-,-,-). Given Lemma 8(b), there are an abundance of convergent
sequences of tests.
A convergent sequence of tests {¢,, : n > 1} is said to be asymptotically similar if

Pﬁ,CjﬂO,no(gb(NZ,NX,NQ) — 1) =« (53)

for 8 = By and all (C,€,7,) in the parameter space, where Pg ¢ 0,4, (-) denotes
probability when the true parameters are (5,C,$,n,). Examples of convergent
sequences of asymptotically similar tests include sequences of AR, KLM, conditional
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LR, HOM-WAP, HR-WAP, and HAR-WAP tests. Standard Wald, LR, and LM tests
are not asymptotically similar due to the effect of weak IVs.
Define

Soo = LY2Nybg - (boSbo)~Y/% ~ N(csLY2C, 1),
Too = L Y2NQ Yag - (agQ Lag) /2 ~ N(dgLY?C, I},), and

Note that S, and T, are independent and the current definition of So and T is
consistent with that in (4.4).
The transformation hq(-) from Nz to [Seo : Too] is one-to-one. Hence, we have

(N7, Nx, Na) = ¢(hg' (Secs Tnc)s Nz, Na) = B(Ssc, Too, Nx, No) (5.5)

for some function ¢.

As in Section 2.3, we consider the group of transformations given in (2.10) but
with Gz(3,7) replaced by Gx(8,C) = (8, L~Y2F'LY/?C) acting on the parameters
(8, C). The maximal invariant is Q-

We say that a convergent sequence of tests {¢,, : n > 1} is asymptotically invariant
if the distribution of ¢(See, Tro, Nx, Na) depends on (Su, Tro) only through Qe i.c.,
if

?(Soc, Too, Nx, Nq) ~ ¢*(Qso, Nx, Nq) (5.6)

for some function ¢*, where ~ denotes “has the same distribution as.” Examples
of convergent sequences of asymptotically invariant and asymptotically similar tests
include sequences of AR, KLM, conditional LR, HOM-WAP, HR-WAP, and HAR-
WAP tests.

We now establish an upper bound on asymptotic WAP.

Theorem 8 Suppose Assumptions 1 and 2 hold, the reduced-form errors {V; :i > 1}
are iid normal, independent of {Z; : i > 1}, with mean zero and pd variance matrix 2,
and Q andn are as in (5.1). For any convergent sequence of asymptotically invariant
and asymptotically similar tests {¢,, : n > 1}, we have

Jin [ Porn, 6 22V G = ), (68, = ) = DAV (5,)
= / | P5.2,00,m, (¢ (Qoo, Nx, No) = 1)dW (3, \)
< [ Pancm (0w(@1, Quc) > ral@ue )W (5,3,

where Pgxqn, () denotes probability when the true parameters are (3,C,Q,nq) for
some C such that CLC" = \.
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Comments. 1. Under Hy : 3 = 3, the left- and right-hand sides of the inequality
in the Theorem equal a.

Combining Theorem 8 with Corollary 4(c), Theorem 7(b), and the results of
Section 4.4 gives the following asymptotic optimality property for HOM-WAP, HR-
WAP, and HAR-WAP tests.

Corollary 6 Under the conditions of Theorem 8, the HOM-WAP, HR-WAP, and
HAR-WAP tests of Section 4 are convergent sequences of asymptotically invariant
and asymptotically similar tests that attain the upper bound on asymptotic WAP
giwen in Theorem 8.

6 Simulation Results II: Non-normal Model with
Unknown Covariance Matrix

TO BE ADDED.

7 Normal Model with Multiple Endogenous Variables
and Known Covariance Matrix

In this section, we consider a generalization of the model considered in Section 2
to the case where m endogenous variables appear. We assume that m < k (where k is
the number of instrumental variables, i.e., the number of columns of Z). In particular,
we consider the model as specified in (2.1)-(2.5), but with

y2,v2 € R 5 € R™m e Ry € € R € R
Q € ™™y, v e RX(m+l),
0 = (B, vec(r),vec(y), vec(€)) € RmHkm+2rm. and
a =[5 Iy € R, (7.1)

The known (m+ 1) x (m+ 1) covariance matrix €2 is assumed to be nonsingular.The
parameter space for § = (3,7',~/,&') is taken to be Rmkm+2pm,
The null hypothesis is

Hy : B = p, for some 5, € R™. (7.2)

The alternative hypothesis can be two-sided Hy : S # 3, multivariate one-sided
Hy:p < pByor Hy : 3> fy,,or H : 3 € B for any subset B of R™ that does not
include f.

As in the case where m = 1, low dimensional sufficient statistics are available for
# and the sub-vector (8, 7')"

Lemma 9 For the model in (2.5) generalized as in (7.1),
(a) Z'Y and X'Y are sufficient statistics for 6,
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(b) Z'Y and X'Y are independent,

(c) X'Y has a multivariate normal distribution that does not depend on (', vec(r)"),
(¢) Z'Y has a multivariate normal distribution that does not depend on n = [y:£],
and

d) Z'Y is a sufficient statistic for (B',vec(n)").

As when m = 1, given our interest in tests concerning 3, we base tests on the
sufficient statistic Z'Y € R¥*™ for (', vec(r)')’. (This is done without loss of attain-
able power.) We consider a one-to-one transformation of Z'Y" that yields (i) the first
column to be independent of the nuisance parameter m under Hy; (ii) independence of
the m transformed columns under the null and alternative; (iii) independence across
rows of each transformed column; and (iv) unit variance for all transformed elements.
Define

S = (Z'2)""2Z'Yby - (bhQb)~"/? € RF and

Ty = (2272 2'yQ a0 € RE, for j=1,...,m,

T=1[T1: Ty =(Z22)7Y22'YQ Loy € R¥*™, where

bo = (1,—50), ao=[ap1 - aoml, (7.3)

and ag 1, ..., 00, are defined as follows. For conditions (ii)-(iv) to hold, it turns
out that ag; must satisfy byag; = 0 and af ;Q tag; = 1 for all j = 1,...,m and
ag’jQ*1a075 = 0 for all 5,/ = 1,...,m with j # ¢. These conditions are satisfied
by constructing {ag; : j = 1,...,m} using a Gram-Schmidt-like orthogonalization
scheme applied to the linearly independent (m + 1)-vectors {bo, €2, ..., €m+1}, where
e; is the j-th elementary (m + 1)-vector for j = 2,...,m + 1. Let

ap1 = Mysea/||Q /> Myqes|],

a0,2 - M[boiﬂflaoyl]evg/"Q_l/2M[bolﬂfla0,1]e3H7

(7.4)
— Miyy-tagos 102 M1 s ||
Qo,m [60:Q~ g, 1:: Q" Lag, m—1] Em+1 [b0:Q~ g, 1::Q Lavg, m—1] Em+1115
where as above M4 = I — A(A’A)~1A’ for any matrix A.
Some algebra shows that when m = 1 we obtain ag1 = ag - (ahQ tag) /2, where

ap is defined in (2.6). Thus, T of Section 2.1 is the same as T' defined in (7.4) when
m = 1.
The means of S and Tj for j = 1,...,m depend on

e = (Z'2)Y %1 e RF*™, (7.5)

The distributions of the sufficient statistics {S,T1,...,Tn} for the parameters
(8, vec(w)') are given in the following lemma.

Lemma 10 For the model in (2.5) generalized as in (7.1),

(a) S ~ N (B = Bo) - (b20) /2, I),
(b) Tj ~ N(pu.a'Q Yapj, I) for j=1,...,m, and
(c) S, T1, ..., Ty, are mutually independent.
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Comments: 1. Under Hy, S has mean zero.
2. Minus two times the log-likelihood function for 7 based on the normal density
of T is a constant plus

Z (Z' Z)V *rap Yo ))(T — (Z’Z)1/27ra6§271a0,j)
7=1
= tr | > (T = (Z'2)*magQ o) (T; — (2'2)*ragQag ;)
j=1

Consequently, the T statistic can be written as (Z’'2)'/?7pahQ L a, where 7y denotes
the maximum likelihood estimator of 7 under Hy and ag = [fy : In] € R™*(m+1),
7= (Z2'Z2)?1alQ Lag, where ag = [B : Im)-

Next, we present a similarity result analogous to that of Proposition 1. Let the
[0, 1]-valued statistic ¢(S,T") denote a (possibly randomized) test that depends on
the sufficient statistics S and 7.

Theorem 9 A test ¢(S,T) is similar with significance level « if and only if
Eg, +(¢(S,T)|T = t) = a for almost all t, for all @ € R¥*™, where Eg,  denotes
expectation under (B, vec(mw)")'.

Comments: 1. Examples of similar tests in the model with multiple endogenous
variables, multivariate normal errors, and known error covariance matrix ) include
the AR test and the LM test of Kleibergen (2002).

2. The conditional expectation Eg (¢(S,T)|T = t) does not depend on 7
because S and T are independent and the distribution of S does not depend on 7

when 8 = 3.

We consider the same groups of transformations G' and G defined in (2.10) when
m > 2 as whenm = 1 (except that 2 € R¥*(™+1) in the definition of G rather than z €
RFX2). An invariant test, ¢(S,T), under the group G is one for which ¢(F.S, FT) =
(S, T) for all kx k orthogonal matrices F. It suffices to restrict attention to the class
of tests that depend only on a maximal invariant.

Define @, Qs, Qsr, Qr, and @1 as in (2.11), but with T = [Ty : -+ : Tp,)].
Hence, Q = [S:T)[S:T] € RmDm+l) Qg = §'S € R, Qs = S'T € R™,
Qr = TT € R™ ™ and @ = (S,S, S,T)/ € R,

Theorem 10 The (m+1) x (m+ 1) matriz Q is a mazimal invariant for the trans-
formations G.

Comments: 1. As in the model with one endogenous variable, when m > 2 the
statistic @ has a non-central Wishart distribution because [S:7] is a multivariate
normal matrix that has independent rows and common covariance matrix across
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rows. The distribution of ) depends on 7 only through the positive definite (pd)
matrix A defined by

AN=7'7'"Zn € R™™. (7.6)

In consequence, the utilization of invariance has reduced the km dimensional nuisance
parameter vec(m) to the m X m symmetric matrix nuisance parameter A, which has
m(m+1)/2 non-redundant elements. This is true both under the null and under the
alternative. For example, if £ = 5 and m = 2, then the reduction is from 10 nuisance
parameters to 3 nuisance parameters.

2. Examples of invariant tests in the literature include the AR test and the LM
test of Kleibergen (2002), which depend on @ or (S,7) in the following ways:

P4r(Q) = Qs =5'S,
brern(Q) = QsrQy' Qsr = S'T(T'T)™'T'S. (7.7)

Invariant similar tests are characterized as follows:

Theorem 11 An invariant test ¢(Q) is similar with significance level o if and only
if Eg, \(0(Q)|Qr = qr) = « for almost all gr and all X > 0, where Eg » denotes
expectation when 8 = By and 7 is such that ©'Z'Zm = X\ € R™*™.

Comment: The two tests in (7.7) are invariant similar tests. Hence, they satisfy
the property specified in the theorem.

Let W be a weight function over (3,\) values. That is, W is a probability
distribution on the product of R™ and the space of pd m x m matrices, call it R;}ixm.
Weighted average power of a test ¢(Q) with respect to W is given by (2.14). The
expressions in (2.15)-(2.23) hold when m > 2 just as when m = 1, provided one
adjusts the range of integration suitably. In particular, the integral over (3, \) values
is over R™ x R;lem, rather than R x R, and the integral over (q1,qr) values is over
(Rt x R™) x R;lem, rather than (RT x R) x R*. In particular, the optimal WAP
LR statistic LRy (Q1, Q) is as given in (2.23).

As in Section 2.5, in order to provide an explicit expression for the optimal WAP
LR statistic LRy (Q1, @), we determine the densities fg(q; 8, ), fo,(qr; 3, ), and
foror (a1, qr; Bp) that arise in (2.15), (2.22), and (2.23). Let

Ag = [B—Pp: dQ g € R™*(m+1) and
Arp = dQ ag = [8: 1) ag € R™™. (7.8)

iote that tr(Aj AAg,) = tr(Af g AMA1s,). Let etr(A) denote exp(tr(A)) for a matrix

Lemma 11 (a) The density of Q at q € RI(;ZH)X(mH) is a non-central Wishart
density with k degrees of freedom, covariance matrix I, 11, and non-centrality matrix
(i.e., means sigma matriz) AgAAg:

fo(a; B, ) = Ky metr(—AAAg/2)|q|*=m=D 2etr(—q/2) oF1 (k/2; AsAAsq/4))

33



where q € R(m+1)><(m+1),

Kl_l _ 2k(m+1)/2rm+1(k/2)’

,m

oFi1(+;+) denotes a hypergeometric function with matriz argument, and Tpy1(k/2)
denotes the multivariate gamma function.

(b) The density of Qr at qr € Rzzlxm is a non-central Wishart density with k
degrees of freedom, covariance matrix Ip,, and noncentrality parameter A’T, PRYAVICH

for(ar; B, N2 metr(— ,T,ﬁ)‘AT,ﬁ/2)|qT|(k_m_1)/2
xetr(—qr/2) oF1 (k/2; Al]’,ﬁ)‘AT,,BQT/4)) ’

Rme

where qr € and

Ky =282, (k/2).
(¢) Under the null hypothesis, the conditional density of Q1 given Qr = qr is
fovar(alar: Bo) = KymEy p || * ™22 gp|~Fm=D 2etr(—qg /2)

Comments: 1. Hypergeometric functions of matrix argument are defined in Muir-
head (1982, p. 258). They involve series of zonal polynomials.

2. The multivariate gamma function at k/2, I'y,+1(k/2), can be written in terms
of the ordinary gamma function as follows: T4 (k/2) = 7k(k=2)/16 Hffl F((k—j+
1)/2), e.g., see Muirhead (1982, Thm. 2.1.12, p. 62), where T = pi = 3.1415... The
test statistics considered below do not depend on T, 11(k/2), however, so computa-
tion is not an issue.

3. When m = 2 alternative expressions for the densities in parts (a)-(c) of the
lemma are available in Anderson (1946, eqn. (7)), which are easier to compute. These
expressions are in terms of the modified Bessel function of the first kind.

Equations (2.15), (2.22), and (2.23) and Lemma 11 combine to give the following
result.

Corollary 7 The optimal WAP test statistic for weight function W is given by

LRw(q1,q7) = | 101,00 (g1, 913 B, AW (B, A) _ Vi (a1, qr)
’ ] fQT(qT;ﬁ’A)dW(ﬁa)‘)le\QT((h’qT;ﬁo,)\) ¢2,W(QT) )

where

(a1, ar) = / etr(—ALAAS/2) 0 F (k/2: AGAA 5g/4)) dIV (5, N),

¢2,W(CIT) = / etT(—A/T,ﬁ)\AT,ﬁ/Q) o1 (k/2§ Al]“,,@)‘OAT,ﬁQT/4)) dW (B, ),
the integrals are over (5,\) € R™ x R;}ixm, and Ag and Aq g are defined in (7.8).
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Comments: 1. As when m = 1, ¥y (q1,¢r) does not equal [ fo, o, (q1,q1r; 3, )
dW (8, ) and likewise with 19 y-(¢r). This is because numerous cancellations occur
in the second expression in the first line of the Corollary 7, including the constants
Kl,m and Kz’m.

2. When m = 2, the density formulae given in Comment 3 following Lemma 11
yield alternative expressions for ¥y, (q1,qr) and 94y (qr) that are easier to compute.

Because ¢27W(qT) does not depend on ¢, it can be absorbed into the conditional
critical value given Q)7 = gr. Thus, the test based on LRy (q1,qr) is equivalent to a
test based on 1y-(q1, qr). Because ¥y (q1, gr) is simpler than LRy (1, qr), we focus
on the test statistic ¥y (q1, qr).

The test that maximizes WAP among invariant similar tests with significance
level a rejects Hy if

Vi (Q1, Q1) > Ka(Qr), (7.9)
where ko (Q7) is defined such that the test is similar. That is, K (gr) is defined by
P, (Vw (Q1,91) > ka(qr)|Qr = gr) = a, (7.10)

where Pg (/@7 = qr) denotes conditional probability given Q7 = qr under the null,
which can be calculated using the density in Lemma 3(c).
The results of this section are summarized as follows:

Theorem 12 The test that rejects Hy when ¢y, (Q1, Qr) > ko(Qr) mazimizes WAP
for the weight function W over all level o invariant similar tests.
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8 Appendix of Proofs

8.1 Proofs of Results Stated in Section 2

Proof of Lemma 1. Let Z = [Z;:---:Z,) and X = [X;:---:X,]’. The distribution
of Y is multivariate normal with

EY = Znd + Xn, (8.1)

independence across rows, and covariance matrix €2 for each row. Hence, the density
of Y evaluated at the n x 2 matrix y = [y1:- - -2y, is

1 n
(2m) "1 2 exp (—5 > (yi—an'Zi =/ X))y — an' Z; — U’X¢)>
=1

1 n n
= (2W)_”/2]Q\_”/2 exp (—5 [Z Yy — QW'(Z ZiyhQa
=1 i=1

n n
—2tr((z Xiyg)Qfln') + Z(aﬂlZi - n’Xi)’Qfl(cm’Zi — n'Xi)] ) . (8.2)
i=1 i=1

If a density can be factorized as pg(x) = fo(T(z))h(z), then T(X) is a sufficient
statistic for 6. In consequence, given that €2 is known, Z; and X; are fixed and
known, a = (8,1), and n = [y:¢], sufficient statistics for 6 = (8,7',7/,¢')" are
Sor o ZY! =2Z'Y and Y ;. | X;Y/ = X'Y and part (a) of the lemma holds.

To prove part (b) of the lemma, note that Z'Y and XY are (jointly) multivariate
normal random matrices and Z'X = 0. For any my, mg € R?, we have

n n
cov(Z'Ymy, X'Ymy) = COU(Z ZiY{my, ZXiYi/mQ)
i=1 1=1

n
= ZZiX,L{CO’U(}/i/ml,}/i/mg) =27'X -mjQmy =0, (8.3)
i=1

where the second equality uses independence across ¢ and the third equality uses the
assumption that the covariance matrix Q of Y; does not depend on 4. Hence, Z'Y and
X'Y are independent.

The distribution of X'Y is multivariate normal with variances and covariances
that depend on X and €2, but not on 6, and with mean

X'EY = X'(Zmd' + Xn) = X'Xn (8.4)

because X’'Z = 0. Hence, the distribution of X’Y" does not depend on (3, 7) and part
(c) of the lemma holds.

The distribution of Z’Y is multivariate normal with variances and covariances
that depend on Z and 2, but not on #, and with mean

Z'EY = 7' (Zwad' + Xn) = Z' Zrd (8.5)
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because Z'X = 0. Hence, the distribution of Z'Y" does not depend on (v, &) and part
(d) of the lemma holds.
Part (e) of the lemma follows from parts (b)-(d). O

Proof of Lemma 2. The k-vector S is multivariate normal with mean

ES = (Z'2)"Y2Z'EY by - (byQbo) />
= (Z'2)7Y2 2" (Zmd' + Xn)bo - (byQbo) ™% = cap, (8.6)

using (8.1), Z'X =0, and a8, = B — 3,. We have

var(Z'Ybo) = var(Y_ ZiYbo) = > ZiZjvar(Yibo) =Y Z: ZibyQbo = Z' Zb;Qbo.

i=1 i=1 i=1
(8.7)
Hence, from the definition of S, var(S) = I} and part (a) of the lemma holds.
The k-vector T' is multivariate normal with mean
ET = (Z'2)"Y2Z2'yQ Yag - (apQ ag) /2
= (Z'2)7YV2 72" (Zmd + X)) Lag - (ahQ Lag) V2 = dsp,. (8.8)

>From (8.7) with by replaced by Q7 lag, we have var(Z'YQ tag) = Z'ZayQ ay.
Hence, from the definition of T', var(T) = I;, and part (b) of the lemma holds.

The random vectors S and T are independent because they are non-stochastic
functions of Z'Y by and Z'Y Q) Lag, respectively, and the latter are jointly multivariate
normal with covariance given by

n n
cov(Z'Y by, Z’YQ_lao) = cov(z Z;Y/bo, Z ZiY;'Q_lao)

=1 =1
= ZiZjcov(Ybo, {2 lag) = > ZiZjhpQ0 ag =0, (8.9)
i=1 =1

using byap = 0. Hence, part (c) of the lemma holds. [

For completeness, we include a proof of Proposition 1.

Proof of Proposition 1. Sufficiency of the stated condition for similarity with
significance level o holds by iterated expectations.

To show necessity, suppose ¢(S,T) is similar with significance level «. Under the
null hypothesis, S ~ N(0,1Ix), T ~ N(dg,piz, 1), and S and T are independent by
Lemma 2. Hence, S is ancillary for the parameter w. The density of T is

(2m) 2 exp(~T'T/2+T'(Z'Z)*rdp, — d5 pilfin/2))- (8.10)

For € RF this forms an exponential family. Hence, by Thm. 4.1 of Lehmann (1986,
p. 142), T'is a complete sufficient statistic for 7 under Hy. By completeness, for any
function h such that Eg, ~h(T) = 0 for all m € R*, h(t) = 0 for almost all ¢.
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Given 7 € RF, take h(t) = Eg, »(¢(S,T)|T = t) — . We have
Eg, +WT) = Eg, nEg, »(0(S,T)|T) —a = Eg (S, T) —a=0, (8.11)

where the second equality holds by iterated expectations and the third equality holds
by similarity of ¢(S,T) with significance level a. Hence, by completeness, h(t) =
Eg, +(¢(S,T)|T = t) — a = 0 for almost all . The same argument applies for all
7 € R, which completes the proof of necessity. [J

Proof of Theorem 1. Let M (S,T) = [S:T)'[S:T| = Q. M(S,T) is a maximal invari-
ant if it is invariant and it takes different values on different orbits of G. Obviously,

M(S, T) is invariant. The latter condition holds if given any k-vectors iy, pig, f1;, and
fi5 such that M (uq, o) = M(fi1, fis) there exists an orthogonal k x k matrix F such
that fi; = Fuy and fiy = Fus, e.g., see Lehmann (1986, eqn. (7), p. 285).

First, suppose pq and p, are linearly independent (which implies that & > 2).
Then, there exist linearly independent k-vectors ps, ..., p, such that {p, ..., f1,} span
RF. Applying the Gram-Schmidt procedure to {i, ..., it }, We now construct an or-
thogonal matrix F' such that Fu; and Fpuy depend on (pq, p19) only through gy,
W o, and pihpiy. For a full column rank & x £ matrix Alet Mg = I, —A(A'A)~LA". We

take f1 = M1/||M1|| fa = My, po /|| My, psl], - = My ooy e/ M1
Define F = [f1: -+ - : fx]/. We have

F/’Ll = (f{l'éla '--afl/cl’él)/ = (HMIH7O> "'70), and
o / /
Fug = (ppe/||all, oMy, po /|| My, pis]], 0, .., 0)". (8.12)

Because pihMy g = phpiy — (ptpia/||111]])%, we find that Fp, and Fpu, depend on

(H1, o) only through pijey, ph pg, and php,.
_ Define F' analogously to F' but with {f,..., fix} in place of {jy, ...,y }. Then,
Ffiy and Ffiy depend on (fiy, fip) only through i fiy, [y fip, and fiafiy.

Now, suppose (ul,MQ) and (i1, 1) are such that M (pq, pg) = M(f1q, f15). That
is, M1M1 = [yfiy, Wipy = [yfie, and phus = fifis. Then, the orthogonal matrices
F and F are such that Py = (Il 0,.-,0) = ([m]l,0,...,0)" = Fiiy and i fy =
F- LFPp, = F/,Ll, where F' = F71F is an orthogonal matrlx Slmllarly, Fpuy = Fliy
and [y, = F- L Fy = Fp,. This completes the proof for the case where p; and pu, are
linearly independent.

Next, suppose p; and py are linearly dependent (as necessarily occurs when
kE = 1). Then, we can ignore u, and proceed as above using just u; and some
additional linearly independent vectors {u3,...,u;} for which {u, 3, ..., 45} span
RF. The matrix F constructed in this way is such that if M (uq, ps) = M(fiq, fi3),
then fi; = Fy,. In addition, because p, = kju1; and fi; = kjfi; for some k, we obtain
fis = F 5. This completes the proof. O

Proof of Theorem 2. Sufficiency of the stated condition for similarity holds by
iterated expectations.
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To show necessity of the condition, suppose ¢(Q1, Qr) is similar with significance
level a. Because ¢(Q1,Qr) = ¢*(S,T) for some function ¢*, Proposition 1 implies
that

Eg,n(9(Q1,Q7)|0(T)) = a a.s. (8.13)

for all 7 € R¥, where o(T) denotes the o-field generated by T Because o(Q7) C o(T),
the law of iterated expectations and (8.13) give

Epym(0(Q1, Q1)|0(Q1)) = Epyx(Epy x(#(Q1, Q)| (T))|0(Qr)) = v a.s. (8.14)

for all 7 € R*. This is the desired result because the distribution of (Q1,Qr) only
depends on 7 through A, so that Eg, » is equivalent to Eg  x in the left-hand side of
(8.14). O

Proof of Lemma 3. First, we prove part (a). The k X 2 matrix [S:T] is multivariate
normal with mean matrix M = p hj, where hg = (cg,dg)’, all variances equal to
one, and all correlations equal to zero. Hence, @ = [S:T]'[S:T] has a noncentral
Wishart distribution with mean matrix of rank one and identity covariance matrix.
By (6) of Anderson (1946), the density of @ at ¢ is

K exp(—tr(M'M)/2)|q|*=3)/2 exp(—tr(q) /2)

X (tr(M'Mq))" KD/ o 1 (x/tr(M’Mq)) . (8.15)

We have M'M = Mhghg', where A = pl ., tr(M'M) = )\(C% + d%), tr(M'Mq) =
)\h’ﬁqh& and h’ﬁqhg = &p(q). Hence, part (a) holds.

Part (b) holds because the distribution of Q7 is a noncentral chi-squared distri-
bution with non-centrality parameter d%)\ by Lemma 2(b) and (2.12). The stated
form of the density is given in Anderson (1946, eqn. (6)).

Part (c) holds by calculating the ratio of the densities given in parts (a) and
(b) of the lemma each evaluated at 3 = (3, and using the fact that cg, = 0 and
€5,(a) = d3_ar-

Part (d) holds because the null distribution of Qg is a central chi-squared distri-
bution with k degrees of freedom by Lemma 2(a) and cg, = 0.

For part (e), the null density of Sy is derived as follows: (i) S2 = S"T'/(||S||-||T||)
has the same distribution as A = S’a/||S|| for any o € RF with o/a = 1 because
S ~ N(0, It) under the null and S and T" are independent using Lemma 2(a) and (c),
(ii) for = (1,0,...,0), (k=1)Y/2A/ (1= A2 = (k—1)1/28y /(3-8 $2)1/2 ~ 15y by
definition of the ¢; 1 distribution, and (iii) transformation of (k—1)1/24/(1 — A%)1/2
to A gives the density in part (d), e.g., see Muirhead (1982, pf. of Thm. 1.5.7(i), pp.
38-9; eqn. (5), p. 147).

Next, we prove part (f). Under the null, S ~ N(0,Iz), T ~ N(dg, fir, Iz), and S
and T are independent by Lemma 2. Hence, Qg = S’S and T are independent. The
distribution of S’a/||S|| for o € R* with o/a = 1 does not depend on « by spherical
symmetry of S. In consequence, the conditional distribution of Sy = S"T/(||S||-||T||)
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given T = t does not depend on ¢t and Sy is independent of 7. Independence of
Qs = 5'S and S’«a/||S|| is a well-known result that holds by spherical symmetry of
S. 0O

Proof of Comment 4 to Corollary 2. The optimal test against 8* rejects if
£5+(Q1,Qr) is large and we have

}ir%o (55* (q1,97) — d%*QT) /(B* = Bo)

B*—
= Jim (8" = Bo) (b 20) s+ 26" o b2n) ! (det() s
—Po
= 2(det(2))qsr, (8.16)

where b* = (1, —5*)’. Hence, if 5* — 35 > 0, the optimal test rejects when Qg7 = S'T
is large. If 8* — By < 0, the optimal test rejects when —Qgr = —S'T is large. O

Proof of Comment 5 to Corollary 2. Comment 5 holds because (i) the optimal
test against 5% rejects if {5« (Q1, Qr) is large, (ii) we have

1. * - d2* 2*

ﬁ*liﬂoo (55 (q1,9r) — dj QT) /¢s

= Jim (gs +2(dg /cg)as)

= qs + 2(det(Q)) 2 (Bywaz — wi2)gsT, (8.17)

and (iii) the limit as * — —oo in (8.17) is the same as when 5* — co. The second
equality in (8.17) holds because

b¥'Qby w11 — (8" + Bolwia + B Bywaa

det()%dg- /cgr = = and so
S dge fegr = (det(€2)) 12 (Bpwazz — wia) and
m dg ez = (det() 7 (Bgwzz — wiz) . O (8.18)

THE FOLLOWING PROOF CAN BE ALTERED/SHORTENED BY JUST REF-
ERENCING Moreira (2003b, Lemma 1) AND USING JUST THE FIRST AND LAST
PARAGRAPHS OF THE PROOF.

Proof of Theorem 4. By continuity of the power function, which holds by Lehmann
(1986, Thm. 9, p. 59), any unbiased test ¢(Q) is similar. Hence, the first condition
of the Theorem holds by Theorem 2.

Now, for a test to be unbiased, (0/98)Es¢(Q1,QT)|s=5, = 0 for all values of
A. By interchanging derivatives and integrals (which is justified by Lehmann (1989,
Thm. 2.9, p. 59)) and the chain rule, the left-hand side of this equality equals I; + I,
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where

Il _ //(Z)(ql,qT) fQ1|QT(q17qT 50 )dqlfQT(qT750,>\)qu and

op
IQ B //(z)(ql’qT)fQ1|QT(q17qT,,Bo)dqlanT(anB? BO;A)qu

. a ) 7

where the second last equality holds by the condition for similarity and the last
equality holds because [ fo, (qr; 8, \)dgr = 1 for all 3.

To compute the derivative of the conditional density of @)1 given Q1 = gr with
respect to [ evaluated at 3, it is convenient to write the conditional density of Q)i

given Q7 = qr as

fouor(a, qT,ﬁ, K1K2 exp(—qs/2) det(q)®~ /2 D/

> 2

L Z Odyar/4y (8.20)
el JIT((k — 2/2+j+1 GIT((k—2/2)+j + 1)

using Lemma 3(a) and (b) and (2.25).
Tedious algebraic manipulations show that

of. (q1,913 8o, A) A -
e 815 —— = Zaular (1,13 Bo)ast (det(2) T x

Ik/g(\ / )\af)Q_laho)/I(k,g)/g(, / )\af)Q—laho). (8.21)

The function I /5(-) arises because

(As( (q)/4) Aafﬁ = (Mslg)/4)°
852 IC((k—2)/2+j+1) 4 9B ZS'I‘l<:/2+s+1) (8.22)

and likewise with £5(q) replaced by (d3qr).
The necessary condition for unbiasedness, (8.19), and (8.21) give

0= /h(QT)fQT(QT§607)\)dQT7 where

' I j2(v/Aap Q™ aogr)
h(qr) = /¢(Q1uQT)QSTf (q1, 973 Bo)dq1 :
: QulQr ‘ Tk—2)/2(v/AapQLaogr)

By completeness of Qr under Hy, see Comment 5 following Theorem 2, it must be
the case that h(gr) is zero for almost all ¢r and all A > 0, which yields the second
condition of the Theorem.

Alternatively, the second condition of the Theorem can be derived as a spe-
cial case of a necessary condition given in Moreira (2003b, Lemma 1) for any test
¢*(S,T) to be unbiased: Eg (¢*(S,T)S|T) = 0 a.s. This condition implies that

(8.23)
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Eg (¢*(S,T)S'T|T) = 0 a.s. Because ¢(Q1,Qr) = ¢*(S,T) for some function ¢*,
any unbiased invariant test ¢(Q1, Qr) must satisfy: Eg (¢(Q1, Qr)Qst|T) = 0 a.s.
for all 7 € R*. Because Q7 is determined by T, the law of iterated expectations gives
Eg, x(6(Q1,Qr)Qsr|Qr) = 0 for all m € R*. This is the desired result because the
distribution of (Q1, Q) only depends on 7 through A, so that Eg_ . is equivalent to
Eg, x here. [J

Proof of Corollary 3. Any test that depends on (Qs, Q%7, Qr) can be written as
#(Qs,S2,Qr), where So = Qs7/(QsQr)Y?. By Lemma 3(e) and (f), Qg, Sa, and
Q7 are independent under Hy and Ss has a distribution that is symmetric about
zero. Hence, we have

B, ($(Qs,S3,Qr)Qsr|Qr = qr) = Eg, (6(Qs,S2,41)8:2Q4 )i *
= /E50(¢(QS>S22>QT)SQ)QéﬂfQS(QS)qu ? =0 (8.24)

for all g7, where the last equality holds because ¢(qs, S3, qr)Sz is an odd function of
Sy and Ss is symmetrically distributed about zero. [J

Proof of Theorem 5. By the same argument as in Section 2.5, it suffices to
find the test that maximizes power against the single alternative density gw (q1|qr)
conditional on Q7 = qr. Given the restriction to locally-unbiased tests, we apply
the generalized Neyman-Pearson (GNP) Lemma, see Lehmann (1986, Thm. 3.5, pp.
96-7), rather than the Neyman-Pearson Lemma. The GNP Lemma implies that the
optimal (conditional) test rejects when LRy (Q1,qr) > Ria(qr) + Roa(qr)Qst for
some K14(qr) and Koo (gr) that are chosen such that the two conditions of Theorem 4
hold. As in Corollary 1, LRw (Q1,qr) = ¥y (Q1,9r)/v%ow (Q1,qr) and oy (Q1, q7)
can be absorbed into the critical value functions. This yields the form of the test
stated in the Theorem.

It remains to verify the conditions needed to apply the generalized Neyman-
Pearson Lemma. Let M be the set of points

(E(0(Q1,Q7)|Qr = qr), E (6(Q1, QT)Qs7|Q1 = qr)) (8.25)

as ¢ ranges over all possible critical functions. It suffices to show that (o, 0) is an
interior point of M, see Lehmann (1986, Thm. 3.5(iv), p. 97).

The set M is convex because the conditional expectation operator is linear.
Moreover, M contains («,0) by considering the KLM test. It also contains points
(e, ul) with uf > 0 by considering the one-sided score test which rejects Hy when

Qsr/ Q;‘/ 2> Ce.- This follows because the derivative of the conditional power function
of this test is an increasing linear transformation of

[ 1 (asr/ai” > ca) asr oy s lar, ari Bo)dan, (326

which is strictly positive. Likewise, M also contains points (a,u,) with u, < 0

by considering the test which rejects Hy when —Qgr /Q%F/ HDS Co. by an analogous
argument. This completes the verification that (a,0) lies in the interior of M. O
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8.2 Proofs of Results Stated in Section 4

Proof of Lemma 4. Under Assumptions 11D, INID, or MDS, Assumptions 2 and 3
hold by standard LLNs and Assumption 4 holds by a MDS CLT, such as Cor. 3.1 of
Hall and Heyde (1980, p. 58). Under Assumption CORR, Assumptions 2 and 3 hold
by the ergodic theorem and Assumption 4 holds by the CLT given in the Theorem
of Heyde (1975) (of which there is only one). O

Proof of Lemma 5. Using the definition Y = Z7wd' + Xn + V, we obtain V=
V — P;V — PxV. This and PzPx = 0 gives

n WV -Q=@ W'V -0Q) —n VPV —n VPV (8.27)

The first summand on the right-hand side of (8.27) converges in probability to zero
by Assumption 3. The second summand satisfies

0<n WPV <n WPV =0 (n V2V Z) 071 2'2) " (7 V2ZIV) -, 0,
(8.28)

where the second inequality holds because the span of Z is contained in the span of
Z and the convergence to zero holds by Assumptions 2 and 4. The third summand
of (8.27) converges in probability to zero by an analogous argument. [J

Proof of Lemma 6. To establish part (a), we have
n 27 =n"17'Z —n"1Z'PxZ —, D1y — D1aDyy' Doy = L (8.29)

using Assumption 2. Let N* be a (k + p) X 2 random matrix with vec(N*) ~
N(0,Q ® D). Using Assumptions 2 and 4, we obtain

nY2Z2'Vby =n"Y2(Z — Px Z)'Vby = nV*(Z — XDy Da1)' Vg + 0p(1)

= [Ix : =D12D3,t | nY*Z'Vby + 0p(1) —q [Ix : —D12D35t| N*by

= [k : =D12D3'] (b ® Iip)vec(N*). (8.30)

Hence, we have

Sp = (n1Z2'Z) V2 Y2 Z'Vby + 01 Z' ZCa'by) - (0Qb) Y2 —4 H, where
H =L Y?([Iy : —D12D3y' ] (by ® Inyp)vec(N*) + LCa'bg) - (byQbo) V/?  (8.31)
and the first equality holds by Assumption 1 and Z’X = 0. Using Assumption 5, the
random vector H has a normal distribution with
EH = LY?Cad'by - (byQbo) ™2 = ¢4 LY/2C and
UQT(H) = L_1/2 [Ilc : _D12D2_21:| ( 6 & Ik+p) (Q & D)(bo (2 Ik+p)
X [Ik : —D12D2_21],L71/2 . (bi)Qbo)fl
= L7V [l : =D12DR| D [t : —D1aD3 | L™V2 =1, (8.32)
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which completes the proof for .5),.
Analogously to (8.30), we have

nY2Z'VQtag —yg [Ii : —D12Dy3' | (a2 1) ® Iy p)vec(N*). (8.33)
Using this, we obtain

T,=(n"12'2)""/? (n_l/QZ’VQ_lao +n_1Z'ZCa’Q_1a0> (ah ¥ ag) "2 =4, for

J=L"1? ([Ir : =D12D%' | ((ap2 1) @ Iy p)vec(N*) + LCA'Q ta) (a2 Lag) V2
(8.34)

Analogously to (8.32), J has a normal distribution with E.J = dgL'/?C and var(J) =
Iy, which completes the proof for T,.

The asymptotic normal distributions of S, and T,, are independent because the
covariance of the random components of H and J is zero:

B(by ® Iy )vec( N)vee(N*Y (2 ap) @ Ii)
— B(by ® Iisp) (2 ® D)(2 " a0) © Lisy) = (Bpao) @D = 0. (8.35)

This completes the proof of part (a).

Part (b) holds by the definitions of Sy, Ty, Sy, and Ty, because (i) (2'2)~Y/?2'Y =
Op(1) by the same sort of argument as in (8.29) and (8.30), (ii) Qn —p 1 by Lemma
5, and (iii)  is pd by Assumption 3.

Part (c) follows immediately from parts (a) and (b). O

Proof of Theorem 6. The function ¢y (-, -) is continuous and does not depend on
n, see its definition in Corollary 1. The same is true of the critical value function
Ka(-) because the conditional distribution of Q1,5 given Q7 is absolutely continuous
with a density that is a smooth function of g7 and does not depend on n, see Lemma
3(c) and the definition of k4 (+) in (2.27). In consequence, the result of the Theorem
follows from Lemma 6, (4.5), and the continuous mapping theorem. [J

Proof of Corollary 4. To prove part (a), let T, = @DW(CA)L,I, @T,n)—ma (@Tﬂ’b)7 v, =
¢W(Q1,n7 QT,n) _Ha(QT,n)a and ¥ = ww(Ql,om QT,oo) _/Qa(QT,oo)- By Theorem G(b)a

P(|W,, — ¥,| > &) — 0 for all £ > 0. (8.36)
We have

P(1(T,, > 0) — 1(T,, > 0)| >¢)
< P(U,>0& VU, <0)+P(¥, <0& U, >0). (8.37)

The first summand on the right-hand side of (8.37) satisfies

PU,>0& U, <0)<PO<V, <e)+0(1) - PO<V<e), (8.38)
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where the inequality holds by (8.36) and the convergence holds by Theorem 6(c). The
right-hand side of (8.38) converges to zero as e — 0 because ¥ has an absolutely con-
tinuously distribution by Lemma 3(a). Hence, the left-hand side of (8.38) converges
to zero as n — oo.

By an analogous argument, the second summand on the right-hand side of (8.37)
converges to zero as n — 0o, which completes the proof of part (a).

Parts (b) and (c) follow immediately from Theorem 6(a) and (c).

Part (d) holds for the following reasons. The conditional distribution of Q1
given Q1.0 = qr is the same as that of Q1, given @1, = gr because the former
distribution does not depend on A, and the latter does not depend on A, see Lemma
3(c). Hence, by definition of kq(-), for all constants ¢rec, P(¥yw(Q1,00,qT,00) >
Kal(QT,00)|@1,00 = q1,00)) = . This result and iterated expectations establishes part
(d). O

Proof of Corollary 5. The inequality holds because it holds with the limits deleted,
conditional on Z, for each n, by Theorem 3.

The equality holds by Corollary 4(b) (which applies because Assumption 3 holds
by a LLN for iid square-integrable random vectors and Assumptions 4 and 5 hold
because nY2Z'V ~ N(,Q @ (n~YZ'Z)) conditional on n*Z'Z and n1Z'Z —, D,
which implies that n~Y/2Z'V —4 N(,Q® D). O

Proof of Theorem 7. First, we prove part (a). We have
Viby = Viby — Z(2'2) 1 Z2'Viby — X}(X' X)L X Vg (8.39)

because V = V — P,V — PxV. Using (8.39), some manipulations, and Assumption
7, we obtain

n Yy (V)22 —n Z (V]b0)?Z; Z}; — 0. (8.40)
j=1 Jj=1
In addition, we have

n
n 'y (Vib)*Z;Z;
7=1
n ~
= 0™ S (Vibo)2(Z; — DDy X;)(Z — DiaD3 X;) + 0p(1)
j=1
n
- —/
= 'Y MB(Vi®Z:) (Vi @ Z)B'M’ + 0,(1)
j=1

—, MBO®B'M’, (8.41)

where the first equality holds using Assumption 2 via some manipulations, the second
equality holds by linear algebra, and convergence holds by Assumption 6. Combining
(8.40) and (8.41), gives Xg,, —p Xg.
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By similar arguments, f]TS,n —p Srs and f]i}m —p f]*T (The arguments are
somewhat more involved because by is replaced by the random quantity (AZ; Lag , but

no additional assumptions are needed.) These results combine to give X7, —p, X7
To establish part (b), we first show that the result of Lemma 6(c) holds. We have

S, =3 W( —1/22’Vb0+n—1Z’ZCa’b0>

—>d§] SL2 I : —D12D521] (b @ Titp)vec(N*) + ¥ 1/2LCa’b0

~ N(25"*LCdby, I, (8.42)
where vec(N*) ~ N (0, ®), the equality uses (4.7) and Assumption 1, and the conver-
gence holds by part (a), (8.29), and (8.30).

By Lemma 5, part (a), and Assumption 4, the use of Q- ~1 rather than Q71| i
the definition of T}, has no effect asymptotically. Hence, we have

T = Sp)* (n 22 Yag = SrsaSgkn V22V o) + 0,(1)

= 3712 (n‘1/2Z’VQ_ ao — ETS,nEgnn_lﬂZ’VbO)
1/2 1 16—1 « -1, -1 /
+50 (012200 ag - SrsaS5hn 2 ZCa'by ) + 0p(1)
—4 Z 1/2 (MAvec(N*) - ENJTSENJ?MB%C(N*))
TS me (LCa’Q*1a0 _ iTsigcha’bO) , (8.43)

where M, A, and B are defined in (4.9) and the convergence holds by (8.30) and
(8.34). The covariance matrix of the limiting distribution in (8.43) is I;, because

var (MAvec(N*) - ENJTSEN]?MB vec(N*))
= MADA'M' — MADB'M'S5'S g — SpgXg! MBOA' M’
+3sSg MBOB' M'S5 5
= %% — SrsYgiSe = O (8.44)
The convergence in (8.42) and (8.43) is joint and the limit random vectors are
independent because

cov(M Avec(N™) —ENJTSEN]AMBvec(N*) E 2

= MADM'B'S;"?

M Buvec(N™)) (8.45)

— YrsS5' MBOB'M'S. 1/2 = SpeSg "t = SrgSg P =0,
To complete the proof of part (b), we note that (i) Theorem 6(c) (with the changes

indicated in Theorem ?7?(b)) follows from (8.42)-(8.45) by the continuous mapping

theorem, (ii) Corollary 4(c) follows immediately from Theorem 6(c), and (iii) Corol-
lary 4(d) holds with (Q1,00, @7.00) by the same reason as with (Q1,00, @7,00)- O
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8.3 Proofs of Results Stated in Section 5

Proof of Lemma 8. Part (a) holds because (i) conditional on [Z : X|, equation
(8.2) with (7,2, n) replaced by (C/n'?, Qo+ Qy /n/? 1y +n,/n'/?), where Qo and 7,
are known and {2 and 7; are unknown, implies that (Z'Y, X'Y,Y'Y") are sufficient
statistics for (8,C,Q,n,) and (i) (n=Y22'Y,nY2(@, — no),n*2(Qn — Qo)) is an
equivalent set of sufficient statistics to (Z'Y, X'Y,Y'Y).

Part (b) holds because (i) vec(n Y22'V) ~ N(0,Q ® (n~12'Z)) conditional on
n1Z'Z andn=12'Z —, L (by (8.30) using Assumption 2) imply that vec(n=/22'V’)
—4 N(0,Q® L), (ii) vec(n Y2Z'Zra') = vec(n 1Z'ZCa') —, LCa' by Assumption
2, (iii) n'/2(@,, —ng) = (' X'X)"InV2X'V 41y ~ N(np, Q® (n™' X' X)) con-
ditional on n'X’X and (n~'X'X)"! —, D} (using Assumption 2) imply that
vee(n'/2(7,, —ng)) —a N(n1, 2@ Dyy'), (iv) n'/2(Q, = Qo) = n'2(n~'V'V - Q) —
n~YV2V'P,V — n V2V PV ousing (8.27), (v) n'/2(n V'V — Q) = n V2(V'V —
EV'V) + Qq, (vii) vech(n=Y2(V'V — EV'V)) —4 N(0,E({ — EC)(¢ — EC)) by a
triangular array CLT for row-wise iid random vectors, (viii) n~Y/2V'P,V = n~1/2.
nV2V' Z(n 12 Z) =2 Z'V —, 0 using (i), (ix) n~Y/2V'PxV —, 0 by an anal-
ogous argument to (viii), and (x) the three random matrices on the left-hand side
of part (b) are asymptotically independent because they are independent in finite
samples conditional on n 12’7 and n 1X’X and the randomness in n~1Z’Z and
n~1X'X is asymptotically negligible. O]

Proof of Theorem 8. The equality in the Theorem holds by the definition of
a convergent sequence of asymptotically invariant tests. The inequality holds be-
cause (i) given the random quantities (Qoo, Nx, Nq), Q@ is a sufficient statistic for
B and C since it is independent of Ny and Ng and the latter have distributions
that do not depend on 8 or C, (ii) part (i) implies that the WAP of the similar
test ¢*(Qoo, Nx, No) is less than or equal to that of some similar test ¢(Qoo) that
depends on (Qs, Nx, Ng) only through Qo, and (iii) Theorem 3 with @ replaced
by Qoo implies that the WAP of the similar test g)(Qoo) is less than or equal to the
upper bound given in Theorem 8. [J

8.4 Proofs of Results Stated in Section 6

Proof of Lemma 9. The proof is essentially the same as that of Lemma 1. [J

Proof of Lemma 10. The proof is similar to that of Lemma 2. For brevity, we
only discuss the aspects of the proof that differ. To show independence of S and Tj,
it suffices to show lack of covariance between S and T}, because S and T are jointly
multivariate normal. We have

n n
COU(Z’Ybo, Z,YQ_IOAOJ) = CO’U(Z ZiY;,bo, Z ZiY;IQ_la()J)
=1 =1
n n
= Y ZiZjcov(Y{bo, Y/ Tagy) = ZiZibpQQ tag; =0, (8.46)
i=1 =1
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because b ; = 0. By analogous calculations T; and T have zero covariance for
j # £ provided af]’ jQ_lao’g = 0 for all j # ¢. Lastly, T; has covariance matrix equal
to I, provided cov(Z'Yby, Z'Y QY ap j) = Z'Z. By analogous calculations to those in
(8.46), the latter occurs if ag,jﬁflao,j = 1for j = 1,...,m. The vectors o ; are chosen
so that the desired conditions bjoyg j = 0, ozf]’jQ_loz()’g =0, and aé’jQ_lao,j =1 hold.
]

Proof of Theorem 9. The proof is the same as that of Proposition 1 provided the
family of distributions of T'= [T} : - - - : T};,] under Hy is a km-parameter exponential
family with parameter space that contains a km-dimensional rectangle. The log of
the null density of T' times minus two is klog(27) plus

m
> (15 = (2'2) Prai o ) (T — (2 2)Pragag )
j=1
m m ’
= tr ZTJTJ, +tr Z(Z’Z)l/QT(agQ_IOAO,j ((Z’Z)l/Qﬂaf]Q_lozoﬂ-)
j=1 j=1
m
—2tr | Y (Z2'2)"Prap a0, 1) | (8.47)
j=1

where a = [Bg : I,n] € R™*(m+1),

The first summand depends on the data, but not the parameters. The second
summand depends on the parameters, but not the data. Hence, these two terms are
not important. The third term can be written as

m k

m
—2tr Z%jT]{ = —QZZ%MTM, where
=1 j=1 =1
T = (Z/Z)1/27Ta6971040,j S Rk,
%j = (%j,la ...,%j,k)/, and
Ty = (T, Tiw)- (8.48)

The parameters 7 = [f1 : -+ : 7] € RFX™ are the “natural” parameters of
the exponential family. There is a one-to-one transformation from 7 to 7 provided
Z'Z and ) are nonsingular, which is assumed, af = [y : In] is full row rank m,
which holds by the definition of ag, and g = [ag1 @ -+ : gm] € RmALxm ig 1]
column rank m. The latter holds because Qfl/2a0,1, e Q*1/2a0,m are orthogonal by
construction, so Q~Y2aq = [Q_1/2a0,1 Dl Q_l/Qagjm] is full column rank m and,
in turn, ag is full column rank using the fact that 2 is nonsingular. The parameter
space for 7 includes a km-dimensional rectangle. Hence, the same is true for 7. We
conclude that the family of distributions of T' under Hy is a km-parameter exponential
family with parameter space that contains a km-dimensional rectangle. [
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Proof of Theorem 10. The proof is the same as that of Theorem 1, but one
considers vectors (fiy, ..., ft,,) and (fiy, ..., fi,,) instead of (py, pg) and (g1, fig). O

Proof of Theorem 11. The proof is the same as that of Theorem 2 using Theorem
9 in place of Proposition 1. O

Proof of Lemma 11. First, we establish part (a). The k& x (m + 1) matrix [S:T]
is multivariate normal with mean matrix M = p;Ag, all variances equal to one, and
all correlations equal to zero by Lemma 10. Hence, @ = [S:T]'[S:T] has a noncentral
Wishart distribution with k degrees of freedom, covariance matrix I, 41, and matrix of
noncentrality parameters M'M = A3 AAg, where A = p7pi.. By (10.3.1) of Muirhead
(1982), the density of @ at g is as given in part (a) of the lemma.

Part (b) is established as follows. The distribution of Q7 is a noncentral Wishart
distribution with k& degrees of freedom, covariance matrix I, and matrix of non-
centrality parameters A% gAA7 3 by Lemma 10(b). By (10.3.1) of Muirhead (1982),
the density of Qr at gr is as given in part (b) of the lemma.

For part (c), by calculating the ratio of the densities in parts (a) and (b) of the
lemma evaluated at 3 = B, and using the fact that tr(Aj AAg ) = tr(A7 5 A7),
we obtain

foror (@ilar; Bo, A) = Kl,ngi%I|Q|(k_m_2)/2|QT|_(k_m_1)/2€t7"(—QS/2) (8.49)
-1
X 0F1 (k/?; A%O)\Agoq/ll)) <0F1 (k/?; Aljv’ﬁo)\AT,quT/ll)))

We show below that the conditional distribution of @)1 given Qr = qr does not
depend on A. Hence, we can take A = 0 in (8.49). Because oF1 (k/2;0mxm) = 1 for
all positive integers m (e.g., see Muirhead (1982) p. 226 for the case m =1 and pp.
227-8 and p. 258 for the case m > 1), this yields the expression given in part (c) of
the lemma.

The conditional distribution of @1 given Q7 = qr does not depend on A by the
following argument. Theorem 11 states that invariant tests are similar if and only if
they have Neyman structure with respect to Qr (e.g., as defined in Lehmann (1986,
pp. 141-2)). By Theorem 4.2 of Lehmann (1986, p. 144), the latter implies that
QT is a boundedly complete sufficient statistic under Hp for the parameter A > 0.
Sufficiency of Q7 implies the desired result.

An alternative (and more direct) proof that the conditional distribution of Q)
given Q7 = qr does not depend on A is the following: (i) there is a one-to-one
transformation from Q1 to Q1 = (Qs, S"T1/|S||, ..., S"Tin/|S]]), so it suffices to show
that the conditional distribution of @)1 does not depend on A, (ii) the distribution
of @1 depends on T' = [T} : --- : Tj] only through 777 for j,¢ = 1,...,m by the
spherical symmetry of the null distribution of S, which is N (0, I) by Lemma 10(a),
(iii) by (ii) the conditional distribution of @, given Qp = T'T is the same as the
conditional distribution of Q1 given T, and (iv) the conditional distribution of Q1
given T' is a random function of S only and the null distribution of S is N (0, Ix),
which does not depend on A. (J
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Footnotes

1 Andrews gratefully acknowledges the research support of the National Science
Foundation via grant number SES-0001706; Stock acknowledges support via NSF
grant number SBR-~0214131.

2 The statistics S and T are denoted S and T, respectively, in Moreira (2003a).

3 An orbit of G is an equivalence class of k x 2 matrices, where z1 ~ 25 (mod G)
if there exists an orthogonal matrix F' such that xo = Fx;.

4 Tn Johnson and Kotz (1970, 1972), a standard reference for probability densities,
the formulae for the noncentral Wishart and chi-squared distributions in terms of
I(;—9)/2(-) contain several typographical errors. Hence, the densities in Lemma 3(a)
and (b) are based on Anderson (1946, eqn. (6)) and are not consistent with those
of Johnson and Kotz (1970, eqn. (5), p. 133; 1972, eqn. (50), p. 176). Sawa (1969,
footnote 6) notes that Anderson’s (1946) eqn. (6) contains a slight error in that the
covariance matrix ¥ is missing in one place in the formula. This does not affect our
use of Anderson’s formula, however, because we apply it with ¥ = Ij.

® The proof of this relies on the fact that ggr enters the densities only through ¢4
in each place except in the modified Bessel function. In consequence, the cancellations
that occur in the middle expression of the first line of Corollary still hold.

6 The second condition of Theorem 4 clearly implies (2.42). The converse holds by

the completeness of Q)7 because by iterated expectations the left-hand side in (2.42)
can be written as E/go,,\h(QT), where h(Qr) = Eg, (P(Q)QsT|QT = qT)/QlT/2.

7 This definition of (AZn is suitable if Z or X contains a column vector of ones,
which is usually the case. If not, then Q, is defined with the sample mean of v
subtracted off.

8 There is no need to recenter {YA// boZ; : i < n} by subtracting off its sample mean,
n~1 Z?Zl X/}j’ boZj, in the definition of is)n because its sample mean is identically zero.

The same holds for ENJTS,n and f]i}n
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